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Abstract
Semi–leptonic B-decay plays an important role in determining the CKM matrix
element |Vub|. Whereas the leptonic tensor is completely known, the hadronic ten-
sor of semi–leptonic B-decay is not completely calculable due to non–perturbative
QCD effects.
In the Light–Cone limit, the hadronic tensor can be expressed with a single
distribution function f(x). The interpretation of the distribution function is
to parameterize the probability of finding a b-quark with momentum fraction x
inside the B-meson, which is similar to the parton model. We apply the parton
model to B-meson decay and analyze various subsequent decay spectra.
Apart from the naive parton model, we consider further QCD interactions of
the b-quark, before it decays into a light–quark and leptons. The distribution
function is modified by perturbative QCD corrections. After factorization, the
distribution function obtains the dependence of the leptonic invariant mass W 2.
We apply Altarelli–Parisi type evolution of the distribution function.
QCD corrections to b → u`ν` at order αs are calculated using the dimensional
regularization scheme. The electron energy spectrum, the leptonic invariant mass
spectrum, the hadronic energy spectrum, and the hadronic invariant mass spec-
trum from B-meson decay and b-quark decay are studied and compared. We
investigate B-meson decay using the naive parton model and the parton model




Der semi–leptonische B-Meson Zerfall spielt eine wichtige Rolle, um das CKM
Matrixelement |Vub| zubestimmen. Wa¨hrend der leptonische Tensor vollsta¨ndig
bekannt ist, ist eine Berechnung des hadronischen Tensor des semi–leptonischen
B-Meson Zerfalls wegen der nicht–perturbativen QCD Effekte nicht mo¨glich.
Im Light–Cone Na¨hrung kann der hadronische Tensor mit einer einzelnen
Verteilungsfunktion f(x) ausgedru¨ckt werden. Die Bedeutung der Verteilungs-
funktion ist die Wahrscheinlichkeit, dass das b-Quark den Implusanteil x inner-
halb des B-Mesons besitzt. Wir wenden das Parton–Modell auf den B-Meson
Zerfall an und analysieren verschiedene Spektren vom B-Meson Zerfall.
U¨ber das naive Parton–Modell hinaus betrachten wir weitere QCD–Wechse-
lwirkung des b-Quark innerhalb des B-Mesons, die vor dem Zerfall des b-Quarks
in eine leichtes Quark und Leptonen stattfinden. Die Verteilungsfunktion wird
durch perturbativen QCD Korrekturen gea¨ndert. Nach Faktorisierung erreicht
die Verteilungsfunktion die Abha¨ngigkeit der leptonische invariante Masse W 2.
Wir wenden die Altarelli–Parisi Gleichung fu¨r die Verteilungsfunktion an.
Die QCD Korrekturen fu¨r b → u`ν` der Ordnung αs werden mit dem Di-
mensionalen Regularisierung berechnet. Das Elektronenergiespektrum, das lep-
tonische invariante Massenspektrum, das hadronische Energiespektrum und das
hadronische invariant Massenspektrum fu¨r den b-Quark Zerfall und den B-Meson
Zerfall werden studiert und verglichen. Wir studieren den B-Meson Zerfall mit
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Chapter 1
Introduction
The Cabibbo–Kobayashi–Maskawa matrix (CKM) is one of the fundamental pa-
rameters in the Standard Model. It explains quark mixing through the weak in-
teraction and plays an important role in the investigation of CP violation in the
Standard Model. Precise determination of the CKM matrix elements is therefore
very important. Among the 9 CKM matrix elements, Vub, which determines the
length of one side of the unitarity triangle,presently has the largest uncertainty,
so it is highly desirable to make a precise measurement of Vub.
Inclusive semi–leptonic B-meson decays
B −→ Xu,c + ` + ν¯` (1.1)
are the most important processes to determine the parameters Vub and Vcb. Semi–
leptonic B-meson decay is expressed with a leptonic tensor and a hadronic tensor.
The leptonic tensor is completely calculable, whereas there has not been a com-
plete solution of the hadronic tensor, which incorporates non–perturbative QCD
effects.
The ratio of Vub and Vcb is known to be
∣∣∣∣∣VubVcb
∣∣∣∣∣ = 0.090± 0.025 . (1.2)
As seen in Eq.(1.2) b-quark decays with b → u transition are suppressed compared
to those with b → c transition, which makes it difficult to get enough events
to measure Vub with high precision. Especially when one attempts to measure
totally inclusive semi–leptonic B-decay rates, it is not easy to remove the b → c
background, which is ∼ 100 times larger. Recently it has been argued that
2 Chapter 1 Introduction
the totally inclusive rate can be measured by using totally reconstructed B-
decays [11].
The value of |Vub| is obtained from the branching fraction of inclusive b →
Xu`ν¯` decays, Br(b → Xu`ν¯`) [25, 37]. Using the Heavy Quark Expansion
(HQE) [38, 39] and inputs from the LEP Heavy Flavor Working Group [41],
|Vub| is obtained as [42]















and the average lifetime τb of the b–hadron is (1.564 ± 0.014) ps from LEP
experiments [40]. From this analysis we obtain |Vub| as
|Vub| =
(
4.00 ± 0.65 (stat) +0.67−0.76 (sys) ± 0.19 (HQE)
)× 10−3 . (1.4)
The systematic error is from decay modeling, and the HQE error is the pure
theoretical error from the Heavy Quark Expansion. The result in Eq.(1.4) shows
good agreement with |Vub| from the CLEO exclusive measurement [44],
|Vub|(CLEO) =
(
3.3 ± 0.8 (total))× 10−3 . (1.5)
Traditionally, one used the electron energy spectrum of B-meson decays to
determine the branching ratio Br(b → Xu`ν¯`) and Vub. To remove the b → c
background a cut Ee, cut > (M
2
B −m2D)/2MB is imposed on the electron energy,
but the cut on the electron energy does not allow enough events for analysis,
leaving only fewer than 10 % of events. Moreover, non–perturbative QCD effects
are dominant in this end point region [35, 36, 70, 71, 72, 73, 74] and the Operator
Product Expansion (OPE) is not valid. Instead of OPE one performs a twist
expansion [12, 73, 74, 75, 76, 77]. In this case the Light–Cone distribution function
determines the decay rate at leading order, and the sub–leading twist corrections
are suppressed by higher orders of 1/mb [14]. The distribution function, which
incorporates non–peturbative QCD is not calculable and should be determined
experimentally. For example, the photon energy spectrum in B → Xs γ is used
to determine the distribution function [15, 16, 17].
Apart from the electron energy spectrum, the lepton invariant mass spec-
trum [19, 20], the hadronic energy spectrum [21], and the hadronic invariant
mass spectrum [22, 23, 26] can be used to determine Vub. The hadronic invariant
mass spectrum has the advantage that it keeps most of the b → u events. A
study of the hadronic invariant mass spectrum with cuts on the lepton energy is
presented in [26].
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Figure 1.1: The Dalitz plot for q2 and M2X . The cut on MX keeps a larger fraction
of the events than the cut on q2.
To remove the b → c background one needs to put cuts on the phase spaces of
q2 and m2X [4, 23, 24, 25], and the number of events that can be used for analysis
depends on the cuts. According to the calculation of the number of events after a
cut on q2 [19], the fraction of events selected by a cut q2cut is between 10 % and 20 %
and the uncertainties on Vub range from 15% for q
2
cut = (MB−MD)2 = 11.6 GeV 2
to 25 % for q2cut = 14 GeV
2. Using the Dalitz plot in Figure 1.1 [20] one can
determine cuts both on q2 and m2X that are related to each other. The advantage
to use the Dalitz plot and cuts on both q2 and m2X is that it keeps a larger fraction
of events than the cut on q2 alone.
The distributions of q2 and mhad =
√
m2X are presented in Figure 1.2, which
was produced using the Monte Carlo simulation with 1000 fb−1 data found with
CLEO III fast MC [11]. The cut on q2 used for the analysis is q2cut = 11.6 GeV
2
and events with q2 > 11.6 GeV 2 are selected for b → u. For the analysis of the
hadronic mass distribution mhad cut = mD was used as the cut on mhad. The q
2
distribution of b → u is dominant when q2 > 15 GeV 2 as is seen in Figure1.2(a).
On the contrary, the hadronic mass mhad distribution of b → u becomes dominant
at small mhad, i.e. mhad <∼1 GeV .
Another difficulty in determining Vub lies on the theoretical side. More specif-
ically, the complication stems from the hadronic tensor, which is not totally
calculable within perturbative QCD, since hadronization appears in the region
where perturbative QCD is not valid.
In early times it was supposed that the b-quark inside a B-meson possessed
most of the B-meson momentum, and b-quark decays were identified with B-
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Figure 1.2: (a) The hadronic mass mhad distribution for 1000 f b
−1 data found
with CLEO III fast MC. (b) The q2 distribution for 1000 f b−1 data found with
CLEO III fast MC. In both (a) and (b) the solid histograms are the q2 or mhad
distribution of b → u`ν¯` and the dashed histograms the q2 or mhad distribution
of b → c`ν¯`.
which is found to be proportional to the b-quark mass to the fifth power. Un-
fortunately the b-quark mass mb is not measurable from experiments directly
and has a great uncertainty. The masses of quarks are extracted from measure-
ments using theory input [27] and displayed in Table 1.1. All physical states that
are measurable experimentally are hadronic states such as mesons. The mass of
B-meson is well measured and known to be MB = 5.28 GeV .
Two main approaches to calculation of the hadronic tensor are the Operator
Product Expansion (OPE) and Lattice QCD (LQCD). The error in the inclusive
b → u`ν¯` rate predicted by OPE is within 5 − 10 %. The phase space regions
available experimentally are mX < mD or the endpoint of the q
2 spectrum.
LQCD yields useful results on exclusive semi–leptonic decays such as D →
pi ` ν¯` and B → pi ` ν¯`. Vcb is determined directly by the LQCD result of fD and
measurements of D+ → µ+ν at a charm factory , for example CLEO–C [28]. The
LQCD result for Vub is tested by investigating the q
2 spectrum. If the spectrum
shape from LQCD agrees with the experimental results, the rate Γ(B → pi ` ν¯`) is
measured to extract Vub, after the q
2 spectra of B → pi ` ν¯` from LQCD and B fac-
tories are compared. The error in the LQCD calculations leads to an uncertainty
of δ V stat.ub ∼ 1 − 2 % [29].
The present work is composed of two main parts. One is the calculation of
perturbative QCD corrections to semi–leptonic b-quark decay, and the other is
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Quark Mass (MeV/c2) Quark Mass (GeV/c2)
u 2.3 ± 0.4 c 1.304 ± 0.027
d 6.4 ± 1.1 b 4.21 ± 0.05
s 130 ± 15 t 175
Table 1.1: The theoretically predicted quark masses.
the investigation of the non–perturbative QCD aspect of inclusive semi–leptonic
B-meson decay.
We consider semi–leptonic b-quark decays with b → u transition
b −→ u + e + ν¯e , (1.7)
and determine the QCD corrections of O(αs). These corrections consist of real
corrections, i.e. the process with an additional gluon g in the final state
b −→ u + g + e + ν¯e , (1.8)
and the virtual corrections at one–loop level. QCD corrections in this work are
done in the dimensional regularization scheme, the advantage of which is gauge
invariance. Perturbative QCD corrections at next–to–leading order of αs in the
finite gluon mass regularization scheme are known and can be found in [4, 5, 6,
7, 8, 9]. In Section 3.3.3 we see that the results from the different regularization
schemes are the same. QCD corrections at α2s order are found in [10].
Calculation of the non–perturbative QCD region is not as concrete as the
case of the perturbative QCD corrections and is still controversial. We employ
the parton model approach [30, 31, 33] in the Light–Cone limit.
Until now there have been many attempts to solve non–perturbative QCD,
but no complete solution has yet been found. In the cases of mesons with heavy
quarks, such as B-mesons, one can exploit the fact that the mass difference
between the light quarks (u, d and s), and the heavy quarks (c, b and t) is large.
Heavy Quark Effective Theory (HQET) [13, 35, 36] is one standard approach to
solve non–perturbative QCD and has been built on this fact. It exploits the large
mass difference to make a 1
mQ
expansion approximation, where mQ is the heavy
quark mass.
In the present work we employ the parton model for the non–perturbative
QCD region. The parton model has been successful to explain lepton–nucleon
scatterings. The physical region of lepton invariant mass W 2 in the B-meson
decay is 0 ≤ W 2 ≤ (MB −MX)2, where MB is the mass of the B-meson, and
6 Chapter 1 Introduction
MX the mass of the hadrons in the final states. Considering that 1 GeV
2 <<
(MB−MX)2, one can use the Light–Cone expansion in the relevant region of W 2,
which is 1 GeV 2 << W 2 < (MB − MX)2. The current commutator between
the B-meson state 〈B|[ Jµ(y), J†ν(0) ]|B〉, where y is the separation of the two
currents, incorporates the non–perturbative QCD part of B-meson decays and
can be expressed in terms of a single distribution function f(x) in the Light–Cone
limit, where y2 ∼ 0. The interpretation of this distribution function f(x) is the
probability to find a b-quark with the momentum fraction x inside the B-meson.
The specific theoretical explanation on the Light–Cone expansion is found in
Chapter 2. We especially investigate the model by Jin and Paschos [32, 33]
fjp(x) = Njp
x(1− x)
(x− b)2 + a2 . (1.9)
Parameters in HQET are used to determine the parameters a and b in Eq.(1.9).
Apart from the parton model there is the ACCMM model [7]. Its supposition
is that the B-meson consists of a b-quark and a spectator quark. The spectator
quark is supposed to have definite mass mspec and momentum Pspec, and con-




spec) ≡ M2B + m2spec − 2MB
√
P 2spec + m
2
spec , (1.10)
where MB denotes the B-meson mass. A comparison of the parton model and
the ACCMM model is found in [34].
Theoretical background on semi–leptonic B-meson decay and the Light–Cone
expansion is explained in Chapter 2. The Standard Model and the CKM matrix
elements are described in Section 2.1, and a general overview of semi–leptonic B-
meson decay is in Section 2.2. In Section 2.3 we present the Light–Cone expansion
and its connection with the parton model. The experimental status of B-meson
decay is described in Section 2.4.
The specific calculation procedure is presented in Chapter 3. It contains the
kinematic variables in Section 3.1, a short note on the leading order approxi-
mation in Section 3.2, the virtual gluon corrections at next–to–leading order in
Section 3.3.1, and the real gluon corrections in Section 3.3.2. The final result,
which is the sum of the real and virtual gluon corrections, is given in Section 3.3.3.
All spectra from b-quark decays that are relevant to the determination of
Vub are displayed in Chapter 4. Traditionally, Vub is determined from the energy
spectrum of the charged lepton in the final state, which is presented in Section 4.1.
Due to the large background of b → c decay the energy band ∆Ee which can
be used for the analysis for Vub is very narrow and prevents precise analysis.
The leptonic invariant mass W 2 spectrum is found in Section 4.2. The hadronic
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energy EH spectrum and the hadronic invariant mass MH spectrum are presented
in Sections 4.3 and 4.4, respectively.
In Chapter 5, the naive parton model is used to obtain the spectra from B-
meson decay. Eq.(1.9) is used for the distribution function, which is the model
suggested by Jin and Paschos [32, 33]. Spectra from the B-meson decay are
presented and compared to the ones from b-quark decays in Section 5.2.
Apart from the naive parton model, we consider QCD interactions between
quarks inside the B-meson. The b-quark in the B-meson can undergo QCD
interactions before it decays into a light quark through the weak interaction.
The distribution function f(x), which depends only on the scaling variable x,
is modified and obtains the lepton invariant mass dependence from the QCD
corrections.
We employ the Leading Logarithmic Approximation (LLA) and consider only
the logarithmically divergent terms. We factorize the QCD correction terms,
which are proportional to ln(µ2/m2b), where µ
2 ≡ m2b −W 2, and contain collinear
divergences in the limit of mb → 0, at the factorization scale µ2f . The collinearly
divergent part ln(µ2f/m
2
b) is absorbed into the distribution function and the dis-
tribution function, therefore, obtains the µ2 dependence. Finally, we recover
the Altarelli–Parisi evolution equation from the change of the distribution func-
tion and obtain the evolution equation of the µ2 dependent distribution function
f(x, µ2). Altarelli–Parisi evolution of the distribution function f(x, µ2) includes
further QCD interactions of the b-quark before it decays into a light quark through
the weak interaction. In Chapter 6 the LLA and factorization procedures are de-
scribed in Section 6.2, and the resulting spectra from B-meson decay with the
evolved distribution function f(x, µ2) are presented in Section 6.3.
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2.1 Standard model and CKM matrix




J µ(x)J †µ (x) , (2.1)







and gw is the weak coupling constant, MW the mass of W -boson.
The weak current J µ(x) is composed of the leptonic lµ(x) and the hadronic hµ(x)
currents











µ(1− γ5)qj (x) . (2.5)
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The CKM matrix, which is based on the fact that the gauge eigenstates are
not the mass eigenstates, is given by
V =





In a customary way, the CKM matrix is described in terms of four Wolfenstein










Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4) .
In this expression each element of the CKM matrix is expanded in terms of powers
of λ = |Vus| ∼ 0.22. η represents the CP violating factor and CP–violation is
observed when η 6= 0.
All CKM matrix elements are mostly determined from weak decays of the rel-
evant quarks or from deep inelastic neutrino scatterings. Semi–leptonic kaon and
hyperon decays give |Vus|, semi–leptonic D decays |Vcs|, semi–leptonic exclusive
and inclusive B decays |Vcb|, and the endpoint spectrum in semi–leptonic B de-
cays |Vub|/|Vcb|. From nuclear beta decays |Vud| is obtained, and the element |Vcd|
is determined from neutrino and anti–neutrino production of charm off valence
d-quark. The latest information on the absolute values of the CKM elements from
both direct measurements and three generation unitarity is summarized by [27]
|V| =

 0.9741− 0.9756 0.219− 0.226 0.0025− 0.00480.219− 0.226 0.9732− 0.9748 0.038− 0.044
0.004− 0.014 0.037− 0.044 0.9990− 0.9993

 .
As is seen in the table above, large uncertainties exist for |Vub| and |Vtd|. The
uncertainties stem from both the experimental and theoretical side. The uncer-
tainties from theory are mostly from the non–perturbative aspects of QCD, which
explain hadronization.
The B-meson is a bound state of a b-quark and a surrounding anti-quark, to-
gether forming a color neutral state. The fact that the b-quark is heavy compared
to other quarks expect the t-quark, enables us to think that the main component
of B-meson decay is the decay of b-quarks inside the B-meson, but one cannot
detect a b-quark separately. That is, its kinematic properties are not physically
detectable, and this fact results in uncertainties in the theoretical expectation.
At first, people supposed that the b-quark should take all of the momentum
of the physical B-meson state and ignored the non–perturbative aspect of QCD,
which arises when the coupling constant αs is not small enough to be handled
perturbatively as the momentum scale approaches µ ∼ ΛQCD.
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There have been several models to explain this non–perturbative QCD part.
One is Heavy Quark Effective Theory (HQET), which expands the Lagrangian
in terms of powers of the mass of heavy quarks mQ. There are also QCD sum
rules or Lattice QCD models. However, all these models have strong and weak
points at the same time and need to be improved. The main purpose of this work
is to improve the determination of |Vub| by investigating various spectra from
the semi–leptonic B-meson decay. In the next section the general knowledge on
semi–leptonic B decays is explained.
2.2 Semi–leptonic B-meson decays
In general, B-mesons have three main decay modes. One is leptonic decay, an-
other semi–leptonic decay, and the third non–leptonic decay. In semi–leptonic
decays a lepton–pair is produced in the final states in addition to a hadronic
state X
B −→ ` + ν¯` + X , (2.6)
whereas only quark pairs, or mesons, are produced in the non–leptonic decay.
Semi–leptonic B decays are described with the interaction of leptonic and hadronic






















where q is the four–momentum of the lepton system q = p` + pν and at the same
time, the four–momentum of the virtual W–boson which is exchanged during the
flavor change. p` is the four–momentum of the lepton and pν the four–momentum
of the anti–neutrino in the final states. n denotes all possible hadronic final states.
In the case of inclusive decays, all possible hadronic final states are summed. In
the decay of the virtual W–boson, one lepton pair, i.e. ` + ν¯`, is produced.
Figure 2.1 shows the semi–leptonic decay process, where one lepton pair and
corresponding possible hadronic states denoted by X are in the final state.









Figure 2.1: Inclusive semi–leptonic B-meson decay.
The amplitude of semi–leptonic B decays is described as
M = Vfb GF√
2
u¯(p`)γ
µ(1− γ5)v(pν) 〈n|Jµ(0)|B〉 , (2.8)
where f denotes the flavor of the quark in the final state, which can be u or c.
The corresponding current in Eq.(2.8) is
Jµ(x) = : q¯f (x)γµ(1− γ5)b(x) : . (2.9)
The B-meson state |B〉 with momentum P µB is normalized as
〈B|B〉 = 2EB (2pi)3 δ(3)(~0) . (2.10)
Semi–leptonic decay is generally expressed with a leptonic and a hadronic tensor.
Whereas the leptonic tensor is completely well known, the hadronic tensor needs
more understanding and theoretical considerations. For unpolarized leptons the










Lµν Wµν , (2.11)
where the leptonic tensor Lµν is defined as






` − gµν(p` · pν) + iεµναβpα` pβν ) , (2.12)
and the hadronic tensor Wµν










(2pi)3 δ(4)(PB − q −
n∑
i=1
Pi) 〈B|J †ν (0)|n〉〈n|Jµ(0)|B〉 . (2.13)
Summing up all possible hadronic final states in Eq.(2.13), the hadronic tensor
can be expressed in terms of the commutator of two currents,
Wµν = − 1
2pi
∫
d4y eiq·y 〈B|[ Jµ(y), J †ν (0) ]|B〉 , (2.14)
where q is the four–momentum of the lepton pair in the final state. Introducing
the hadronic structure functions Wi(q
2, (q · PB)), we write the hadronic tensor as
Wµν = −gµνW1(q2, (q · PB)) + PBµPBν
M2B
W2(q







2, (q · PB)) + qµqν
M2B
W4(q





2, (q · PB)) , (2.15)
where MB is the B-meson mass. The hadronic structure functions Wi(q
2, (q ·PB))
include all the effects from non–perturbative QCD for the inclusive process.
2.3 Light–Cone Expansion
In the previous section the hadronic tensor is found to be expressed by the current
commutator [ Jµ(y), J
†
ν (0) ] as
Wµν = − 1
2pi
∫
d4y eiq·y 〈B|[ Jµ(y), J †ν (0) ]|B〉 . (2.16)
One main goal of the calculation of B-meson decay is how to resolve the hadronic
tensor. The largest contribution of this integration is from the region where (q ·
y) ∼ 1, where the exponential oscillates less rapidly. It is necessary to investigate
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the relation between q and y which fulfills the condition (q · y) ∼ 1. When the
Lorentz frame where q = (q0, 0, 0, q3) is chosen, the scalar product of (q · y) is
written as




(q0 + q3)(y0 − y3) + 1
2
(q0 − q3)(y0 + y3) . (2.17)
We approximate
(q0 + q3)(y0 − y3) ∼ 1 ,
(q0 − q3)(y0 + y3) ∼ 1 , (2.18)
and consequently, obtain
y0 − y3 ∼ 1
(q0 + q3)
,
y0 + y3 ∼ 1
(q0 − q3) , (2.19)
and







Therefore, the hadronic tensor Wµν in Eq.(2.16) obtains the dominant contribu-
tion from the region
0 ≤ y2 ≤ 1
q2
. (2.21)
As q2 becomes larger, y2 stays inside a domain near 0, i.e. near the Light–Cone
where y2 = 0, and this makes it possible to expand the hadronic tensor Wµν in
terms of polynomials of y2.
In the case of inclusive semi–leptonic B–meson decays, q2 has the physical
range of
M2e ≤ q2 ≤ (MB −MXmin)2 . (2.22)
MXmin is the minimum value of the hadronic invariant mass in final states and Me
denotes the mass of the charged lepton in the final states. In the region of q2 ≥
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1 GeV the hadronic tensor can be said to have Light–Cone dominance. Using the
fact that the hadronic tensor has Light–Cone dominance, we now proceed with
a Light–Cone expansion of the current commutator [ Jµ(y), J
†
ν (x) ].




ν (x) ] = q¯f (y)γµ(1− γ5){ b(y), b¯(x) }γν(1− γ5)qf (x)−
b¯(x)γν(1− γ5){ qf(x), q¯f(y) }γµ(1− γ5)b(y) , (2.23)
and { b(y), b¯(x) } is the anti–commutator. The first term on the R.H.S in Eq.(2.23)
is ignored, for this corresponds to the production of b¯− u¯ pairs, which is not
included in our consideration. Consequently, we can simplify the current com-
mutator in Eq.(2.23) as
[ Jµ(y), J
†
ν (x) ] = −b¯(x)γν(1− γ5){ qf(x), q¯f (y) }γµ(1− γ5)b(y) . (2.24)
The anti–commutator in Eq.(2.24) is solved as
{ qf(x), q¯f (y) } = iSαβ(x− y) , (2.25)
Sαβ(x− y) = (i 6∂ + mf )αβ ∆f (x− y) , (2.26)





d4k e−ik·x ε(k0) δ(k2 −m2f ) . (2.27)
Finally, the matrix element in Eq.(2.16) is expressed as
〈B|[ Jµ(y), J †ν (0) ]|B〉 =
2(Sµανβ − iεµανβ) [∂α∆q(y)] 〈B|b¯(0)γβ(1− γ5)b(y)|B〉 , (2.28)
where Sµανβ = gµαgνβ + gµβgνα − gµνgαβ.
The reduced matrix element 〈B|b¯(0)γβ(1 − γ5)b(y)|B〉 now has the general
tensor structure
〈B|b¯(0)γβ(1− γ5)b(y)|B〉 = 4pi P βB F(y2, y · PB) , (2.29)
and the function F(y2, y · PB) can be Light–Cone–like expanded:
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In this way, the hadronic tensor can be expanded with polynomials of y2 with
an appropriate function F(y2, (q · y)). In the region of y2 ≤ 1, we are allowed to
take the limit of y2 ∼ 0 and it leaves us the first term of the series in Eq.(2.30).
We define the first term in Eq.(2.30) as
F0(y · PB) ≡ F(y2 = 0, y · PB) . (2.31)
We define the distribution function f(x) as the Fourier transform of F0(y ·PB)
f(x) ≡
∫





d(y · PB) ei x(y·PB)〈B|b¯(0)6PB(1− γ5)b(y)|B〉|y2=0 .(2.32)
The distribution function f(x) describes the distribution of momentum of the
b-quark inside of the B-meson. The inverse Fourier transform reads
F0(y · PB) = 1
2pi
∫
dx e−i x(y·PB)f(x) . (2.33)
After combining Eqs.(2.16), (2.28), and (2.33) and integrating over y, we obtain
Wµν = 4(Sµανβ − iεµανβ)
∫
dx f(x)×
ε(xP 0B − q0) δ[ (xPB − q)2 −m2f ](xPB − q)αP βB . (2.34)
From the argument of the δ-function in Eq.(2.34), we obtain two scaling vari-
ables χ± and they read
χ± =
q · PB ±
√
(q · PB)2 −M2B(q2 −m2f)
M2B
. (2.35)
The structure functions Wi’s are expressed with these scaling variables χ± and
the distribution function f(x), and the specific expression of Wi’s are






Figure 2.2: QCD interactions inside B-mesons.
W1 = 2[ f(χ+) + f(χ−) ] , (2.36)
W2 =
8
χ+ − χ− [ χ+f(χ+)− χ−f(χ−) ] , (2.37)
W3 = − 4
χ+ − χ− [ f(χ+)− f(χ−) ] , (2.38)
W4 = 0 , (2.39)
W5 = W3 . (2.40)
We can adopt several types of distribution functions. In Chapter 6, we present
more discussion about the distribution function.
The b-quark extracted from the B-meson undergoes QCD interactions with
other quarks and gluons inside the B-meson. For example, b-quark may emit
gluons which are absorbed by other quarks or gluons. This complication of B-
meson decay is depicted in Figure 2.2. For momentum scale µ ≥ ΛQCD, we can
consider parton–type evolution of the b-quark inside the B-meson. In Section 6
we explain b-quark evolution.
2.4 Experimental Research on B-meson decays
There are two main purposes of experiments on B-mesons. One purpose is to
test the relation of matter and anti–matter and consequently to investigate CP–
18 Chapter 2 Theoretical background and · · ·
violation. The other purpose is to test the Standard Model and especially to
determine the CKM matrix elements. The experimental groups are CLEO at
CESR at Cornell University, BABAR at the PEP-II at SLAC, and Belle at KEKB
at KEK, and CDF at Fermi–lab. CDF uses the proton–anti proton collider
Tevatron, whereas all other experimental groups use electron–positron colliders.
A short overview of these experimental groups is presented in this Section.
• Experiments at CLEO
CLEO is a detector at the Cornell Electron–Positron Storage Ring (CESR).
CESR is an e+−e− collider which provides symmetric beam energy, whereas col-
lisions at BABAR and Belle are done with asymmetric beam energies. Collisions
of electron–positron at CESR take place at the center–of–mass energies between
9 GeV and 12 GeV .
The CLEO collaboration measures the CKM matrix elements, CP–violation,
and the HQET parameters Λ¯, λ1, and λ2 as well. The ratio |Vub|/|Vcb| was
measured for the first time at CLEO by detection of inclusive leptons from the
semi–leptonic B-meson decay that are beyond the kinematic end point for the
final states with charm mesons [43]. Recently it became possible to reconstruct
exclusive transitions at CLEO. The hermiticity of the CLEO detector makes
several analysis techniques usable to reconstruct the neutrino four vectors [44, 45].
CLEO has turned itself into a charm factory since 2001. It is expected to make
considerable measurements on charmed mesons.
• Experiments at BABAR
The BABAR experiment primarily studies CP–asymmetries in neutral B-
meson decays. Besides, the BABAR experiment measures the CKM matrix el-
ement Vub and a number of rare B-meson decays as well, which also provide
useful constraints on the fundamental parameters of the Standard Model [46].
The BABAR collaboration has achieved the highest integrated luminosity, ∼
94 fb−1 [54]. Belle, in contrast, obtained 89.6 fb−1 [55]. The high luminosity
at BABAR makes it possible to make more precise analysis and to study various
processes. The BABAR detector is sited at PEP-II at SLAC, which is especially
designed for B physics.
PEP-II is an electron–positron collider where the electron and positron have
asymmetric energies. The electrons produced at PEP-II have 9 GeV and the
positrons 3.1 GeV . The design luminosity is 3 × 1033 cm−2s−1. The end view
of the BABAR detector is displayed in Figure 2.3. The important parts of the
BABAR detector are a Silicon Vertex Tracker (SVT), a Drift Chamber (DCH),
a Detector of Internally Reflected Cherenkov light (DIRC), a Caesium Iodide
Electro-magnetic Calorimeter (EMC), an Insulated Flux Return (IFR), and a
super–conducting coil, which supplies 1.5 Tesla solenoidal magnetic fields [46].
2.4 Experimental Research on B-meson decays 19
Figure 2.3: End view of the BABAR detector.
The STV provides position information on charged tracks and very low-energy
charged particles. The DCH is filled with helium-based gas and provides the main
momentum measurement for charged particles. The DIRC is used for identifying
charged hadron particles and the EMC for identifying neutral hadron particles,
which is studied particularly for CP-violation. The IFR is for detecting muon
and neutral hadron particles.
• Experiments at Belle
Another important B–Factory is KEKB [48] used by the Belle detector.
KEKB is an electron–positron collider and also uses asymmetric beam lines like
PEP-II. The electron beam is 3.5 GeV and the positron beam at higher energy,
8 GeV . The design luminosity of KEKB is 1.0× 1034 cm−2s−1.
The Belle detector is described in [51]. Figure 2.4 shows the side view of
the Belle detector. The detector is surrounded by 1.5 Tesla magnetic field pro-
duced by super–conducting solenoidal coils. The Silicon Vertex Detector (SVD)
measures B-meson decay vertices. To observe time–dependent CP asymmetries
in B–meson decays, which is the primary goal of the Belle , the difference in
z–vertex positions for B-meson pairs should be measured with a precision of
∼ 100 µm. A wire drift chamber (CDC) tracks charged particles and provides
dE/dx measurements for particle identification.
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Figure 2.4: Side view of the Belle detector.
• Experiments at CDF
The b-quark was first observed by the Collider Detector at Fermilab (CDF)
collaboration in 1977. The experiment was a collision of protons with energy
400 GeV on fixed target nuclei, and an enhancement of the µµ¯ pair production
rate was observed. The µµ¯ production enhancement at the invariant mass ∼
9.5 GeV/c2 was interpreted as the bb¯ bound state called Υ [52].
Unlike CLEO , BABAR , and Belle which use electron–positron colliders, CDF
uses the Tevatron collider at center of mass energy 1.8 TeV , which brings protons
with energy 900 GeV into collisions with anti–protons with energy 900 GeV .
CDF [53] has four main tracking devices: the silicon vertex detector (SVX), the
vertex time projection chamber (VTX), the central tracking chamber (CTC), and
the central drift tube array (CDT). Among these devices, the SVX identifies the
decay points of the long lived b-quarks traveling away from the pp¯ collision and
provides information about the transverse path of charged particles. The VTX
is for reconstructing the tracks of charged particles and essential for calculating
the kinematics of reconstructed B-meson decays.
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Chapter 3
QCD Corrections using the
Dimensional Regularization
Scheme
We present the QCD corrections at order αs to semi–leptonic b-quark decay with
the b → u transition: b −→ u + e + ν¯e. The QCD corrections receive contribu-
tions from both virtual and real gluon corrections. We renormalize all fields and
vertices using dimensional regularization, and both infrared and ultraviolet singu-




, where ε denotes the deviation of the number
of space–time dimensions from 4. The specific procedure of the calculation using
dimensional regularizaiton is presented in this Chapter.
3.1 Kinematic Variables
Noting that the particles appearing in the processes b −→ u + e + ν¯e and b −→
u+g+e+ ν¯e are a b-quark, u-quark, electron, anti–electron–neutrino and a gluon,
it is convenient to define scaled momenta as kinematic variables. First of all, we
denote the four–momentum of the b-quark as pb and the four–momentum of the
u-quark as pu, the four–momentum of the electron as pe, the four–momentum of
the anti–electron–neutrino as pν and the four–momentum of the gluon as pg. We
define P as the momentum of the quark–gluon system P = pu + pg, W as the
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momentum of the lepton system W = pe + pν. Energy–momentum conservation
reads pb = pu + pg + pe + pν = P + W . The b-quark mass is denoted as mb and











, y ≡ W
2
p2b
, xe ≡ 2Ee
mb
, xν ≡ 2Eν
mb
.
These variables take values in the regions
0 ≤ xe ≤ 1 ,
0 ≤ y ≤ xe ,
0 ≤ z ≤ (1− xe)(1− y/xe) . (3.1)
Instead of the full propagator of the virtual W–boson, we employ the effective
low–energy Lagrangian, where the W–boson propagator contributes as 1/M 2W ,
where MW is the W–boson mass. The effective coupling constant of the weak











µ(1− γ5)νe(x) u¯(x)γµ(1− γ5)b(x) , (3.3)
where Vub is the CKM matrix element for b → u flavor transition, and e(x), νe(x),
u(x) and b(x) denote the electron field, neutrino field, u-quark field and b-quark
field, respectively.
3.2 Born Approximation
The Feynman diagram of the tree level b-quark decay is depicted in Figure 3.1.
The amplitude of the Born approximation is given by










µ(1− γ5)u(pb) u¯(pe)γµ(1− γ5)v(pν) , (3.4)








|Vub|2 (xe − y)(1− xe + y) . (3.5)
The electron energy spectrum from the Born Approximation is shown in Fig-
ure 3.2 together with the radiatively corrected spectrum, and we can observe
visible change by the QCD corrections at the end point region of the electron
energy. In Section 3.3 we present the explicit calculation of QCD corrections to
the semi–leptonic b-quark decay.
3.3 QCD Radiative Corrections
The Born approximation of the decay rate receives radiative corrections from
perturbative QCD that are expanded in powers of the strong coupling constant
αs:
dΓ = dΓBorn + dΓαs + dΓα
2
s + ... . (3.6)
We present the calculation of the first order of αs corrections in this section. The
virtual gluon contributions are denoted by dΓV and the real gluon contributions
by dΓR, so the total radiative corrections of order of αs read
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Figure 3.2: The solid line shows the Born approximation of the electron energy
spectrum, and the dotted line is the spectrum with radiative corrections at αs =
0.22.
dΓαs = dΓV + dΓR . (3.7)
The virtual corrections dΓV consist of the vertex correction, wave-function
corrections and self–energy corrections. All these types of corrections contain
ultraviolet divergences that have to be regulated and canceled out after renor-
malization of the fields, vertices and coupling constants. Likewise, the real gluon
corrections dΓR have infrared and collinear divergences, which should be regu-
lated as in the case of virtual corrections.
The ultraviolet divergences in virtual gluon corrections appear because the in-
tegration region of the internal momentum of the virtual particle goes to infinity.
There have been many regularization and renormalization schemes. In this work,
we employ the dimensional regularization and MS renormalization scheme. Di-
mensional regularization is better suited to regularize gauge theories because it is
compatible with gauge invariance, as long as no chiral fermions are present. The
main idea of the scheme is to change the number of space–time dimensions in the
loop phase space integrals formally from 4 to n = 4 + 2ε. The singularities are




. In Section 3.3.1 and Section 3.3.2 we provide the
explicit procedure to calculate the virtual and real corrections using dimensional
regularization.
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3.3.1 Virtual Gluon Corrections
First we calculate the renormalized one–loop corrections to the decay width,
which are called virtual corrections. Expressed in terms of phase space vari-


















dR(4)3 ( pb ; P, pe, pν ) < 2Re(MBorn∗MV ) > , (3.8)
where









The analysis of phase space is described in Appendix C.





REN(y)u(pb) u¯(pe)γµ(1− γ5)v(pν) , (3.10)







when pg = 0. The renormalized vertex Γ
µ
REN receives con-
tributions from the self–energy correction, wave–function renormalization, and
the vertex correction.
Both of the self–energy and wave–function renormalization contributions yield
a factor of δZM , −12δZM respectively, where ZM is the field renormalization
constant for the field of the particle with mass M . Hence, the full renormalized





µ(1− γ5) + Γµvertex(y) . (3.11)
The self–energy correction and wave–function renormalization of a particle
with mass M and momentum p is obtained from calculating ΣM , which is depicted
in Figure 3.4. In an arbitrary covariant gauge with gauge parameter ξ, the self–
energy ΣM in n–dimension reads



















Figure 3.3: Feynman diagrams for the virtual corrections. The first diagram is

















γα(6p− 6k + M)γβ



























ξ(4− n)x2(1− x)p2 6p
∆3−n/2
+




where ∆ ≡ xM2 − x(1 − x)p2. We integrate Eq.(3.13) over x and replacing
n = 4 + 2ε, and obtain








2ξ + 2 + 2ε
)6p M2ε
2 + ε






(ξ − 2− 2ε)6p + (4 + 2ε− ξ)M − ξ 6p) M2ε
1 + ε




− 2ξε 6p3 M
2ε−2
2 + ε




+ 2ξε 6p3 M
2ε−2
3 + ε





The field renormalization constant δZM of the particle with mass M is obtained
as










(−3 + 4ε− 8ε2 +O(ε3)) . (3.15)
The result turns out to be independent of the gauge parameter ξ as mentioned

















+ ε + O(ε2)
}
γµ(1 − γ5) . (3.16)














γα(6pu− 6k)γµ(1− γ5)(6pb− 6k + mb) γβ
k2
(






Since ΓµREN is directly connected to the measurable quantity dΓ, it is gauge–
independent, and we choose the Feynman gauge. The γ5 matrix is not well defined







Figure 3.5: Feynman diagram for the one–loop vertex correction.
GW ≡ −igw Vub2√2 with the weak coupling constant gw and the CKM matrix
element Vub for the b → u transition.
in n dimensions. The anti–commutation relation { γµ, γ5 } = 0 produces the
ambiguity, and one cannot simply apply the anti–commutation relation in general
n dimensions. There have been several prescriptions to prevent the ambiguity of
γ5 [57, 58, 59]. We employ the Breitenlohner–Maison (BM) scheme, and a more
detailed explanation is found in Appendix D.




u = 0 in Eq.(3.17), and








γα(6pu− 6k)γµ(1− γ5)(6pb− 6k + mb)γα
k2
(









write Γµvertex[pb, pu] as Γ
µ
vertex[y] making use of the kinematic variable y. After















w2(1− v)(1− yv))2−n/2 ×[{ 1
w(1− yv) −
(1− y)(1− w)









(1 + γ5) +







and after integrating Eq.(3.19) over w and v and applying n = 4 + 2ε, we obtain
























(1 + 2ε)(2 + 2ε)
2F1[1− ε, 1; 2 + ε; y]
− 1 + 2ε
2ε(2 + 2ε)
2F1[−ε, 1; 2 + ε; y]
− 1− ε
(1 + 2ε)(2ε)2
2F1[1− ε, 1; 1 + ε; y] , (3.21)
Bvertex(y) = 1
4 + 2ε
2F1[1− ε, 1; 3 + ε; y] , (3.22)
Cvertex(y) = 2
(4 + 2ε)(2 + 2ε)
2F1[1− ε, 2; 3 + ε; y]
− 2
(2 + 2ε)(1 + 2ε)
2F1[1− ε, 1; 2 + ε; y] . (3.23)
We now take the ε → 0 limits of the hyper geometric functions in Eqs.(3.21)—
(3.23) and where the hyper geometric function has no finite limit, we need to
expand it in powers of ε. Some useful identities for the hyper geometric functions
are described in Appendix B. After taking the limit ε → 0 of the hyper geometric
functions and expanding the coefficients in powers of ε, Avertex(y), Bvertex(y) and
Cvertex(y) read




































The self–energy, wave–function and vertex corrections are added together, and
the resulting renormalized vertex reads











Figure 3.6: Feynman diagrams for the real corrections.



























































which coincide with the results in [1, 2].
3.3.2 Real Gluon Corrections
Feynman diagrams of the real gluon corrections are displayed in Figure 3.6. The

























(6pu + 6pg −mu) γ
µ(1− γ5) . (3.33)
We use the dimensional regularization scheme and define p2g = 0 and n =




, when z and ε approach
0. The singularities appearing when z → 0 are both collinear singularities and








appear when pu · pg = 0, and infrared singularities when pg = 0, and for both
cases P 2 = 0, and therefore z = 0.
We square the amplitude in general n–dimension, replacing n → 4 + 2ε, and
the squared amplitude is expanded in powers of ε. Special care should be paid
to the γ5 matrix when we consider it in n dimensions. The anti–commutation
relation of γ5 is not allowed in general n dimensions. We adopt the Breitenlohner–
Maison (BM) scheme (an explanation is found in Appendix D). The BM–scheme
is summarized by two principle rules. One is that one should not commute γ5
with other γ matrices, i.e. { γµ, γ5 } 6= 0, and the other is that the trace of
γ5γαγβγγγσ is expressed with the conventional anti–symmetric metric ε–tensor,
i.e. Tr[γ5γαγβγγγσ] = i4εαβγσ. To avoid the anti–commutation relation of γ5 one
does not contract two γ matrices with a γ5 matrix between them.








MR 0 +MR 1 ε +MR 2 ε2 +O(ε3)
]
, (3.34)
MR 0 = 256
[ D0−2
( pb · pg)2 −
D0−1
( pb · pg) + D
0
0 + D01 ( pb · pg)
]
, (3.35)
D0−2 = m2b ( pu · pe)
(





( pu · pg) ×(
( pb · pu)( pg · pe)( pb · pν) + 2( pb · pu)( pu · pe)( pb · pν)
− ( pb · pu)( pu · pe)( pg · pν) + ( pu · pg)( pu · pe)( pg · pν)
− ( pu · pg)( pb · pe)( pb · pν)− ( pu · pg)( pu · pe)( pb · pν)
)
, (3.37)
D00 = ( pb · pν)
(
( pg · pe) + ( pu · pe)
)
+ ( pu · pe)( pu · pν) , (3.38)
D01 = 0 , (3.39)
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MR 1 = 128
[ D1−2
( pb · pg)2 +
D1−1
( pb · pg) +D
1





( pg · pu)( pe· pν)− ( pb · pu)( pe · pν)
+ 3( pu · pe)( pg · pν)− 3( pu · pe)( pb · pν)
+ 3( pb · pe)( pu · pν)− 3( pg · pe)( pu · pν)
)
, (3.41)
D1−1 = (pu · pg)(pe · pν)− 2(pb · pu)(pe · pν)−m2b(pe · pν)
− (pg · pe)(pb · pν)− 3(pu · pe)(pb · pν) + 5(pu · pe)(pg · pν)
− (pb · pe)(pg · pν) + 3(pb · pe)(pu · pν)− 3(pg · pe)(pu · pν)
+
1
(pu · pg) ×(
6(pb · pu)(pu · pe)(pb · pν)− 3(pb · pu)(pu · pe)(pg · pν)
− 3(pb · pu)(pb · pe)(pg · pν)− 6(pb · pu)(pb · pe)(pu · pν)
+ 2(pb · pu)(pg · pe)(pg · pν) + 3(pb · pu)(pg · pe)(pu · pν)







2(pb · pu)(pe · pν) + 5(pg · pe)(pb · pν)
+ 3(pu · pe)(pb · pν)− (pb · pe)(pg · pν)
− (pu · pe)(pg · pν)− 3(pb · pe)(pu · pν)





(pu · pg) , (3.44)
MR 2 = 128
[ D2−2
( pb · pg)2 +
D2−1
( pb · pg) + D
2
0 + D21( pb · pg)
]
, (3.45)
D2−2 = 2 m2b
(
(pu · pe)(pg · pν)− (pu · pe)(pb · pν)
+(pb · pe)(pu · pν)− (pg · pe)(pu · pν)
)
, (3.46)
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D2−1 =
1
(pu · pg) ×(
(pu · pg)2(pe · pν) + 5(pu · pg)(pu · pe)(pg · pν)
− 5(pu · pg)(pg · pe)(pu · pν)− 2(pb · pu)(pu · pe)(pg · pν)
+ 2(pb · pu)(pg · pe)(pu · pν)
+ (pb · pν)
(
(pg · pe) + 2(pu · pe)
)(
2(pb · pu)− (pu · pg)
)
− (pb · pe)
(
2(pb · pu)− (pu · pg)
)(









5(pg · pe) + 2(pu · pe)
)
− (pu · pe)(pg · pν)− 2(pu · pg)(pe · pν)
+ (pg · pe)(pu · pν)
− (pb · pe)
(





(pu · pg) . (3.49)
The leptonic tensor Lµν is defined as
Lµν = Tr[u¯(pe)γµ(1 − γ5)v(pν) v¯(pν)γν(1 − γ5)u(pe)] . (3.50)
For calculational convenience, we define a new leptonic tensor as in [3]
`µν ≡ pµe pνν , (3.51)
and the corresponding hadronic tensor hj i
µν
for each Dj i is defined as
Dj i = hj i
µν
`µν , (3.52)
and the specific expressions of hj i
µν
are in Appendix E.
The real correction contributions to the decay rate dΓR are expressed as


























dR(n)3 ( pb; P, pe, pν )×
1
(2 pi)n−1
p2bdz dR(n)2 ( P ; pu, pg ) |MR|2 . (3.53)
We introduce a new hadronic tensor Hµν:
Hµν = A gµν + B pµb pνb + C P µP ν +D pµb P ν + E P µpνb , (3.54)
which is defined as
Hµν `µν ≡ dR(n)2 ( P ; pu, pg ) |MR|2 . (3.55)
The squared amplitude |MR|2 is decomposed with the corresponding hadronic
tensor hµν like
|MR|2 = hµν `µν , (3.56)
and we obtain
Hµν `µν = dR(n)2 ( P, pu, pg ) |MR|2
= dR(n)2 ( P ; pu, pg ) hµν `µν . (3.57)
Eq.(3.57) says also
Hµν = dR(n)2 ( P ; pu, pg ) hµν . (3.58)
We introduce projection operators iPµν
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1Pµν = gµν
2Pµν = pµb pνb
3Pµν = P µP ν
4Pµν = pµb P ν
5Pµν = P µpνb . (3.59)
Applying the projection operators onto Eq.(3.58), we obtain
iPµν Hµν = Si , (3.60)
where the variables S i are defined as
Si ≡ dR(n)2 ( P ; pu, pg ) iPµν hµν . (3.61)
The coefficients A, B, C, D and E are expressed in terms of the S i
A = 1



















































1 + y2 + 4z + z2 − 2y(1 + z) + ε(1− y + z)2
)
S3
− (3 + 2ε)





4 − (3 + 2ε)
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C = 1











































1 − (3 + 2ε)






− (3 + 2ε)






























1 − (3 + 2ε)






− (3 + 2ε)




















(1− y)2 + (10− 2y)z + z2 + 8zε
)
S5 , (3.62)
where the functions P0(y, z) and P3(y, z) are defined as





1 + y2 + z2 − 2y − 2z − 2yz
2
. (3.63)
We should pay attention to the scalar product ( pb · pg ) in calculating the S i.
All other scalar products like ( pu·pg ) or ( pu·P ) are expressed with the kinematic
3.3 QCD Radiative Corrections 37
variables z, y and xe and are therefore independent of the integration variables
~pu and ~pg. We can sort the integrand of the S i in the order of ( pb· pg ) and define
each order of integration as
I 1 ≡ dR(n)2 ( P ; pu, pg )( pb · pg ) ,
I 0 ≡ dR(n)2 ( P ; pu, pg ) ,
I−1 ≡ dR(n)2 ( P ; pu, pg )
1
( pb · pg ) ,
I−2 ≡ dR(n)2 ( P ; pu, pg )
1
( pb · pg )2 , (3.64)









I 1 − 4 (1 + ε)2 1
z
(
1− y + z ε
)
I 0




2 + 2 y2 − y (4 + 2 z) + 2 z + z2 + ε z2
)
I−1

















(1− y + z) (z − 4) +







4 (1− y + z)2 +{
2 + 2 y2 + 2 z + z2 − 2 y (2 + z) } ε + z2 ε2 ) I−1
− m6b
(









4 ε (1 + ε)I 1
− 2 (1 + ε) m2b
(
1− y − z + 2 z ε
)
I 0
+ (1 + ε) m4b
(
2 + 2 y2 + 2 z − 2 y (2 + z) + (1 + ε) z2
)
I−1















− 2 + 4 y − 2 y2 + z2 +{
(8 + z) y − 4− 4 y2 + 2 z − z2 } ε +{





2− 6 y + 6 y2 − 2 y3 + (4− 8 y + 4 y2) z +
(1− 3 y) z2 + z3 + { 4− 12 y + 12 y2 − 4 y3 +
(2− 10 y + 8 y2) z − (3 + 7 y) z2 + 3 z3 } ε +{
2− 6 y + 6 y2 − 2 y3 − 4 (1− y) y z −







(1− y) (1− y + z) + { 2 + 2 y2 − z − 2 y (2 + z) } ε +
{

















(z − 2) z + { 2 + 2 y2 − (4− z) y − 2 z + z2 } ε +
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{





4 z (1− y + z) + { − 2 + 6 y − 6 y2 + 2 y3 +
(2 + 2 y − 4 y2) z + (6 + 3 y) z2 − z3 } ε +{ − 2 + 6 y − 6 y2 + 2 y3 + 4 (1− y) y z +
(5 + 4 y) z2 − 2 z3 } ε2 ) I−1
+ m6b
(
− 2 z + { 1 + y2 − 2 z − y (2 + z) } ε +
{
1 + y2 − z − y (2 + z) } ε2 ) I−2
]
. (3.65)
The specific calculations of Ii are explained in Appendix A. The extraction
of these singularities are possible by the expansion of z1−ε and z1−2ε, which are
elucidated in Appendix A.
3.3.3 Differential Decay Rate with αs Corrections
In the previous two sections we calculated the virtual and real gluon corrections





singularities cancel each other when the two corrections are summed, and finally
we obtain a finite result for the decay rate. The triple differential decay rate in
































f2(xe, y, z) + f3(xe, y, z)
)]
,(3.66)




pi2 (xe − y) (xe − y − 1)
− 2 (5xe − 5y − 4) (xe − y) ln(1− y)
+ 8 (xe − y) (xe − y − 1) ln(1− y)2
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+ 4 (xe − y) (xe − y − 1) Li2(y) , (3.67)




















(P0(y, z) + P3(y, z))
)
, (3.68)






xe − y + z − 1
)
(1− y)5 , (3.69)

















(P0(y, z) + P3(y, z)
P0(y, z)− P3(y, z)
))
, (3.70)
g0(y, z) = y (11 + 9 y − 120 y2 + 170 y3 − 45 y4 − 51 y5 + 26 y6)
+ y (−26− 43 y + 54 y2 + 44 y3 + 52 y4 − 81 y5) z
+ y (37 + 84 y + 28 y2 + 64 y3 + 107 y4) z2
+ y (−45− 95 y − 105 y2 − 75 y3) z3
+ y (32 + 53 y + 27 y2) z4 + (−9− 4 y) y z5 , (3.71)
g1(y, z) = −19 + 12 y + 101 y2 − 144 y3 − 9 y4 + 100 y5 − 41 y6
+ (46 + 44 y − 80 y2 − 68 y3 − 30 y4 + 88 y5) z
+ (−37− 152 y − 62 y2 − 120 y3 − 77 y4) z2
+ (5 + 120 y + 117 y2 + 30 y3) z3
+ (8− 32 y − 4 y2) z4 − 3 z5 , (3.72)
g2(y, z) = 19− 61 y + 54 y2 + 14 y3 − 41 y4 + 15 y5
+ (−27− 6 y + 76 y2 − 26 y3 − 17 y4) z
+ (10 + 56 y + 58 y2 + 4 y3) z2
+ (5− 24 y + 3 y2) z3 + (−3− y) z4 , (3.73)
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h0(y, z) = y (−12 y + 28 y2 − 12 y3 − 12 y4 + 8 y5)
+ y (1 + 6 y − 2 y2 + 16 y3 − 21 y4) z
+ y (4 y + 8 y2 + 24 y3) z2
+ y (−6− 16 y − 16 y2) z3
+ y (6 + 6 y) z4 − y z5 , (3.74)
h1(y, z) = 2 + 6 y − 16 y2 − 8 y3 + 30 y4 − 14 y5
+ (−1− 11 y − y2 − 13 y3 + 26 y4) z
+ (−1− 2 y − 23 y2 − 22 y3) z2
+ (−1 + 13 y + 10 y2) z3
+ (1− 2 y) z4 , (3.75)
h2(y, z) = −2 + 12 y2 − 16 y3 + 6 y4
+ (−1 + 13 y − 5 y2 − 7 y3) z
+ (8 y + 4 y2) z2
+ (1− y) z3 . (3.76)
The results in Eqs.(3.66)–(3.76) agree with the results in [4], which were calcu-
lated in the finite gluon mass regularization scheme.
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We can obtain various spectra from b-quark and B-meson decays. Firstly, the
electron energy spectrum can be used in determining |Vub|. In the end point
region of the electron energy spectrum, the b → c background is removed and
pure b → u events can be collected. However, the disadvantage of this method is
that the relevant region is too narrow to take a sufficient number of events.
The spectrum of the leptonic invariant mass allows a wider range to select
events, as noted by Bauer, Ligeti, and Luck [19, 20]. Another relevant spectrum
to extract |Vub| is the hadronic invariant mass spectrum [22, 23]. In this chapter
we present these three kinds of spectra, supplemented by the hadronic energy
spectrum from b-quark decay. The same kinds of spectra from B-meson decay
are shown in Chapter 5. We compare the Born approximated results with the
radiatively corrected results and observe how the spectra are changed by QCD
corrections of order αs.
In the previous chapter we presented the analytical results for the triple dif-
ferential decay rate, which are expressed in terms of variables xe =
2Ee
mb
















are found in references [4] and [21].
We compare the radiative corrections at different values of the strong coupling




2 GeV 2) = 0.22 which corresponds to Λ
(5)




2 GeV 2) = 0.25 which corresponds to Λ
(5)
QCD = 200 MeV . All the
numerical analyses were carried out using VEGAS [60].
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4.1 Electron Energy Spectrum
After integrating the triple differential decay rate in Eq.(3.66) in Chapter 3 over
y and z, we obtain the differential decay formula with respect to xe. The variable
xe is defined as xe ≡ 2 Eemb in Section 3.1 and varies from 0 to 1. Subsequently,
the electron energy Ee varies from 0 to
mb
2
and the differential decay rate formula








E2e (3mb − 4Ee)
[




















172 E2e − 153 Ee mb + 41 m2b




125 E3e − 168 E2e mb + 72 Ee m2b − 41 m3b









and the Born approximation of the b-quark decay rate Γ0 and the radiatively

















. We use the formula in Eq.(4.1) for the numerical analysis.
Figure 4.1(a) shows three electron energy spectra from b-quark decay. The
Born approximation of the electron energy spectrum is normalized with Γ0 and
the radiatively corrected spectra with Γ at the relevant αs values. The dotted
line in Figure 4.1(a) is the Born approximation of the electron energy spectrum
and the solid line shows the radiatively corrected spectrum at αs = 0.22. They
coincide with the results in [4], where the spectrum is depicted with respect to
xe. The dashed line in Figure 4.1(a) is the radiatively corrected spectrum at
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Figure 4.1: (a) The radiatively corrected electron energy spectrum normalized
with Γ. The dotted line shows the Born approximation of the spectrum nor-
malized with Γ0. The solid line displays the radiatively corrected spectrum at
αs = 0.22, and the dashed line at αs = 0.25. (b) The electron energy spectrum
normalized by Γ0. The dotted line shows the Born approximation of the spec-
trum. The solid line displays the radiatively corrected spectrum at αs = 0.22.
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αs = 0.25 and normalized with Γ at αs = 0.25. As seen in Figure 4.1(a), QCD
corrections change the shape of the spectrum mostly at the end point of electron
energy. However, the change of the strong coupling constant value from αs = 0.22
to αs = 0.25 does not affect the shape of the spectrum visibly.
The spectra in Figure 4.1(b) are both normalized with Γ0. The dotted line
in Figure 4.1(b) is the Born approximation of the electron energy spectrum and
the solid line in Figure 4.1(b) presents the spectrum with QCD corrections at
αs = 0.22. The ratio of Γ to Γ0 is Γ/Γ0 = 0.8310 at αs = 0.22 and Γ/Γ0 = 0.8080
at αs = 0.25. The difference between Γ(αs = 0.22) and Γ(αs = 0.25) is not
large, but Γ is different from Γ0 by approximately 20 % for both cases. From this
fact, we can conclude that the major effect of the order αs corrections is in the




is not changed very much by QCD corrections
of order αs.
4.2 Leptonic Invariant Mass Spectrum
The four–momentum of the lepton system is denoted by W = pe + pν, and the
scaled squared momentum or invariant mass of e− ν¯e system is defined as y ≡ W 2m2
b
in Section 3.1. After integrating the triple differential decay rate over z and xe,
we obtain the leptonic invariant mass spectrum. The explicit formula is found


























2 (m2b −W 2)2 (m2b + 2W 2)
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Figure 4.2: The leptonic invariant mass spectrum with radiative corrections.
The dotted line shows the Born approximation of the leptonic invariant mass
spectrum. The solid line displays the radiatively corrected spectrum at αs = 0.22,















The spectrum with respect to W 2 is displayed in Figure 4.2 at αs(m
2
b =
4.82 GeV 2) = 0.22 at ΛQCD = 100 MeV and at αs(m
2
b = 4.8
2 GeV 2) = 0.25
at ΛQCD = 200 MeV . The contributions of the QCD corrections of order αs
are distinguished in the region of small W 2. As is seen in Figure 4.2, the con-
tribution of the change of αs is not significant. The change in the spectrum
from αs = 0.22 → αs = 0.25 is invisible. The effect of QCD corrections of
order αs lies mostly in the total decay rate Γ0 → Γ. We consider the strong
coupling constant αs = αs(W
2), the scale of which depends on the leptonic in-
W 2 (GeV 2) αs(W
2) ΛQCD (MeV ) W
2 (GeV 2) αs(W
2) ΛQCD (MeV )
2.5 0.25 100 4.82 0.22 100
2.5 0.32 200 4.82 0.25 200
2.5 0.51 500 4.82 0.36 500
Table 4.1: αs(W
2) at various ΛQCD.
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(b)
Figure 4.3: The radiatively corrected leptonic invariant mass spectrum at various
αs is compared with the Born approximation of the spectrum. (a) The dotted
line shows the Born approximation of the leptonic invariant mass spectrum. The
solid line displays the radiatively corrected spectrum at αs = 0.51, and the dashed
line at αs = 0.36. (b) The dotted line shows the Born approximation of the
leptonic invariant mass spectrum. The solid line displays the radiatively corrected
spectrum at αs = 0.32, and the dashed line at αs = 0.26.
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variant mass W 2 instead of αs = αs(m
2
b). The various αs values are displayed in
Table 4.1 and αs(W
2 = 4.82 GeV 2) is found to be less sensitive to ΛQCD than
αs(W
2 = 2.5 GeV 2).
The spectra at αs = 0.51 and at αs = 0.36 are displayed in Figure 4.3, and
the spectra at αs = 0.32 and at αs = 0.26 in Figure 4.3. In Figure 4.2 and 4.3
we have examined the influence of the αs(W
2) value. As shown in both figures,
we have found that this influence is not large.
4.3 Hadronic Energy Spectrum
According to Heavy Quark Effective Theory (HQET), we expand the hadronic
energy EH and the squared hadronic invariant mass sH in terms of Λ¯, λ1, and
λ2 [61, 62],




MB − Λ¯ + λ1 + 3λ2
2MB
)




2 + (M2B − 2Λ¯MB + Λ¯2 + λ1 + 3λ2)(sˆ0 − mˆ2f ) +
(2Λ¯MB − 2Λ¯2 − λ1 − 2λ2) Eˆ0 + O(1/mb) , (4.8)
where mˆf = mf/mb and mf is the mass of the quark in the final state.
In HQET, the four–momentum of the B-meson is denoted as P µB = MB v
µ,
and the Eˆ0 and sˆ0 are defined in the parton level [63],
Eˆ0 = v · (pb −W )/mb = 1 − v · Wˆ , (4.9)
sˆ0 = (pb − W )2/m2b = 1 − 2v · Wˆ + Wˆ 2 , (4.10)
where Wˆ µ ≡ W µ/mb, and W denotes the lepton system as defined in Section 3.1.
The relationship between the quark mass and meson mass in HQET [61, 62] gives
rise to the parameters Λ¯, λ1 and λ2,
MB = mb + Λ¯ − λ1 + 3λ2
2mb
+ O(1/m2b) , (4.11)
MB∗ = mb + Λ¯ − λ1 − λ2
2mb
+ O(1/m2b) . (4.12)
We obtain a relation for the hadronic energy EH
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EH = MB − v ·W










Eq.(4.11) and in Eq.(4.12) are ignored. P and W are defined in Section 3.1.
Further explanation of λ1 and λ2 is found in Chapter 5.
We write Eq.(4.13) in terms of z and y, and the result reads
1
mb
(EH − Λ¯) = 1 − y + z . (4.14)
We define a new variable zˆ ≡ 1 − y + z and obtain zˆ mb = EH − Λ. The
differential decay rate formula in terms of zˆ is found in [4]. Subsequently, we
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Figure 4.4: (a) The hadronic energy spectrum dΓ/dEH in units of Γ. The dotted
line shows the Born approximation of the spectrum normalized with Γ0. The solid
line displays the radiatively corrected spectrum at αs = 0.22, and the dashed line
at αs = 0.25. (b) The hadronic energy spectrum dΓ/dEH normalized with Γ0.
The dotted line shows the Born approximation of the spectrum. The solid line
displays the radiatively corrected spectrum at αs = 0.22, and the dashed line at
αs = 0.25.



























32E5H − 8 E4H (20Λ¯ + 17mb) + 2 E3H (160Λ¯2 + 272Λ¯mb + 517m2b)
− 2 E2H (160Λ¯3 + 408Λ¯2mb + 1551Λ¯m2b + 1473m3b)
+ EH (160Λ¯

















− 64E3H + 48 E2H (4Λ¯ + mb)− 24 EH (8Λ¯2 + 4Λ¯mb −m2b)
+ 64Λ¯3 + 48Λ¯2mb − 24Λ¯m2b + 5m3b
)
. (4.16)




+ Λ¯, and it gains contributions from the radiative corrections beyond
that point.
The radiatively corrected hadronic energy spectra at different αs values are
displayed in Figure 4.4 in comparison with the Born approximation of the spec-




+ Λ¯. Whereas the Born approximation of the hadronic energy spec-
trum ends at EH =
mb
2
+ Λ¯, the radiatively corrected spectrum expands beyond
that point and does not fall to 0 immediately at EH =
mb
2
+Λ¯. The Born approx-
imation of the hadronic energy spectrum and the radiatively corrected spectra
in Figure 4.4(a) are normalized by Γ0 and Γ in Eqs.(4.2) and (4.3), respectively.
We present the hadronic energy spectra which are all normalized by Γ0 in Fig-
ure 4.4(b).
In Figure 4.4 we have employed Λ¯ = MB −mb = 0.48 GeV . In Figure 4.5(a)
we display the hadronic energy spectra at Λ¯ = 0. The effect of Λ¯ on the hadronic
energy spectrum is observed more clearly in Figure 4.5(b). The shift of the
spectrum from left to right according to the change Λ¯ = 0 → Λ¯ = 0.48 GeV is
by the amount of ∆EH = 0.48 GeV , which is obviously observed by comparing
the two spectra in the Born approximation in Figure 4.5(b). All spectra in
Figure 4.5(b) are normalized by Γ0. The effect of order αs corrections to the
hadronic energy spectrum is much larger than to the electron energy spectrum
or to the leptonic invariant mass spectrum. The effect of the αs corrections is
most apparent at the end point of EH .
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Figure 4.5: (a) The hadronic energy spectra at Λ¯ = 0. The dotted line shows
the Born approximation of the spectrum. The solid line displays the spectrum
with the radiative corrections at αs = 0.22, and the dashed line at αs = 0.25. (b)
The comparison between the spectra with Λ¯ = 0.48 GeV and those with Λ¯ = 0
is displayed. The dashed line is the Born approximation of the hadronic energy
spectrum, and the dot–dashed line is the spectrum with the radiative corrections
at αs = 0.22. For both of the dashed line and the dot–dashed line, Λ¯ = 0. The
dotted line shows the Born approximation of the spectrum with Λ¯ = 0.48 GeV ,
and the solid line is the spectrum with the radiative corrections at αs = 0.22 with
Λ¯ = 0.48 GeV .
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4.4 Hadronic Invariant Mass Spectrum
The squared hadronic invariant mass is given by
SH = P
2 + Λ¯mb (1− y + z) + Λ¯2 , (4.17)
and the hadronic invariant mass MH is defined as MH ≡
√
SH . We display both
the squared hadronic invariant mass SH spectrum and the hadronic invariant
mass MH spectrum for b-quark decay in this section.
After replacing the variable z with SH and integrating over xe and y, we





= F1S(SH , Λ¯)− CF
αs
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Figure 4.6 shows the squared hadronic invariant mass spectra from b-quark
decay. The spectra in the Born approximation in Figure 4.6(a) and (b) are
normalized with Γ0, and the spectra with radiative corrections with Γ. The
spectra in Figure 4.6(a) agree with the results presented in [4]. The variable in [4]
is the scaled squared hadronic invariant mass, which is defined as sˆH ≡ SH/m2b .
We draw the squared hadronic invariant mass spectra with respect to SH referring
to the result in [4]. The location of the peak in [4] is sˆH ∼ 0.11, which agrees
with the location of the peak in Figure 4.6, which is SH ∼ 0.11 × m2b GeV 2 ∼
2.53 GeV 2, and mb = 4.8 GeV . The effect of the radiative corrections is clearly
observed in Figure 4.6. In Figure 4.6(b) the spectra are all normalized by Γ0.
In Figure 4.7, we present the hadronic invariant mass MH spectra. Unlike the
squared hadronic invariant mass spectrum, the hadronic invariant mass spectrum
is concentrated in a smaller region of MH . The effect of the radiative corrections
is large both in the squared hadronic invariant mass spectrum and in the hadronic
invariant mass spectrum. The change in the hadronic invariant mass spectrum
by varying αs from αs = 0.22 to αs = 0.25 is more visible, whereas the change of
the value of αs does not affect much the electron energy spectrum or the leptonic
invariant mass sp
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(b)
Figure 4.6: (a) The squared hadronic invariant mass SH spectrum in units of Γ.
The dotted line shows the Born approximation of the squared hadronic invariant
mass spectrum. The solid line displays the spectrum with radiative corrections
at αs = 0.22, and the dashed line at αs = 0.25. (b) The squared hadronic
invariant mass SH spectrum normalized with Γ0. The dotted line shows the Born
approximation of the spectrum. The solid line displays the spectrum with the
radiative corrections at αs = 0.22, and the dashed line at αs = 0.25.
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Figure 4.7: (a) The hadronic invariant mass MH spectrum in units of Γ. The
dotted line shows the spectrum in the Born approximation. The solid line displays
the spectrum with the radiative corrections at αs = 0.22, and the dashed line at
αs = 0.25. (b) The hadronic invariant mass MH spectrum normalized with Γ0.
The dotted line shows the spectrum in the Born approximation. The solid line
displays the spectrum with radiative corrections at αs = 0.22, and the dashed
line at αs = 0.25.
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Chapter 5
B-meson decay in the Parton
model
5.1 Parton model and B-meson decay
The parton model describes hadrons as consisting of massless partons, which can
be identified with quarks and gluons. The parton model is successful in explaining
lepton–hadron scatterings in the Bjorken limit −q2 = Q2 →∞ with fixed Bjorken
scaling variable x ≡ −q2
2mpν
. For the case of B-meson decay, we do not consider
the limit W 2 = Q2 → ∞, but the Light–Cone limit y2 ∼ 0, where y is the
separation of two currents. In the Light–Cone limit it is possible to employ the
Light–Cone expansion of the current commutator. In Section 2.3 we have shown
that the structure function Wµν gets a dominant contribution from the region
0 ≤ y2 ≤ 1
W 2
. Therefore, when W 2 is large enough, the Light–Cone expansion
is a good approximation. The structure function W µν can be expressed with a
single distribution function after the Light–Cone expansion, which is similar to
the case of the parton model. In the case of large W 2, the parton model can
be applied to B-meson decay. The theoretical explanation of the Light–Cone
expansion of the B-meson matrix is explained in Section 2.3.
The parton model for lepton–hadron scatterings is explained in Section 5.1.1
and application of the parton model to B-meson decay in Section 5.1.2. Ex-
planation of the distribution function and the determination of parameters for
the distribution function are also described in Section 5.1.2. Various spectra of
B-meson decay are displayed in Section 5.2.
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5.1.1 Parton model
The parton model [64] suggests that hadrons may be regarded at short distances
as a composition of point–like constituents (partons) which are assumed to be
almost free. Lepton–hadron scatterings, which are deep inelastic processes, are
well described by the parton model, so we take the well–known lepton–nucleon
structure functions in the parton model [65, 64] as the introductory example.
In the parton model, the differential cross–section of a process A + B →
a + b + X has the general form
dσ[A(pA) + B(pB) → a(pa) + b(pb) + X] =∫
dx′dσˆ0[A′(x′pA) + B(pB) → a(pa) + b(pb) + X] f(x′) , (5.1)
where dσˆ0[A
′(x′pA)+B(pB) → a(pa)+ b(pb)+X] is the parton differential cross–
section in the Born approximation and f(x) is the distribution function. A′ is
the parton from the hadron A, and a is the parton after the scattering.
For a specific example, we consider lepton–nucleon scatterings. Figure 5.1
shows lepton–nucleon scatterings in the parton model. The momentum of the
nucleon is p. The momentum of the scattered parton in the nucleon is ξp, which
takes momentum from the nucleon by a fraction ξ. The momenta of the in–coming
and out–going leptons are denoted by k and k′ respectively, and the momentum
transfer to the parton is q = k − k′.
The differential cross–section of lepton–hadron scatterings is conventionally




W µνLµν . (5.2)





dξ K`µν(ξ)f(ξ) , (5.3)








(2pi)3δ(4)(p′ − ξp − q) ×



















Figure 5.1: Lepton–nucleon scattering: Deep Inelastic Scatterings.
When we keep the partons massless, the δ–function in Eq.(5.4) is calculated as
δ(p′0 − ξp0 − q0)
1
2p′0









and ν ≡ p·q
mp
.
After applying Eq.(5.5) and summing Eq.(5.4) over spin, the parton tensor
reads








gµν + · · ·
)
. (5.6)
Hence, using the hadronic tensor W `µν in Eq.(5.3) for lepton–nucleon scatterings,








gµν + · · · . (5.7)
QCD corrections in the parton model are carried out by calculating QCD
corrections to the parton level Born diagrams. While calculating QCD correc-
tions in the parton model, one has to pay attention to infrared and ultraviolet
divergences and remove them by renormalization. However, mass or collinear
singularities remain. The collinear singularities are subtracted and combined by
the distribution function.
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5.1.2 B-meson decay in view of the Parton model
We have shown in Section 2.3 that the B-meson structure functions Wi’s can be
expressed with a single distribution function f(x) and the scaling variables χ± in
the Light–Cone expansion
χ± =
W · PB ±
√
(W · PB)2 −M2B(W 2 −m2f)
M2B
, (5.8)
which makes it possible to apply the parton model to B-meson decay in the range
1 GeV 2 ≤ W 2.
B-meson decay in the parton model description is displayed in Figure 5.2.
The b-quark extracted from the B-meson with momentum PB has momentum
pb = χPB, and through the weak interaction it decays into a light quark – a
u-quark, for example – and a lepton pair with momentum W .
When we employ the parton model, we should be aware of mass or collinear
singularities in the QCD corrections, which stem from the integration region when
the in–coming parton is massless and the emitted gluon moves collinearly with
the parton after the emission. Collinear singularities are observed in the result
Eq.(3.76) in Chapter 3, when the b-quark mass is set to 0. During the whole
calculation of QCD corrections, we have kept a non–vanishing mass for the b-
quark, mb. For QCD corrections to the hadronic tensor, we replace the b-quark
momentum with χPB, which means that the b-quark is a parton in the B-meson.




When the parameter χ of the distribution function f(χ) goes to zero, the mass
of the b-quark also drops to zero. The distribution function, however, vanishes at
χ = 0 and χ = 1, and therefore the collinear singularities are removed smoothly
by the distribution function.
The difference between lepton–nucleon scatterings and B-meson decay is the
range of leptonic invariant mass W 2 for B-meson decay and Q2 ≡ −q2 for lepton–
nucleon scatterings. The Q2 range of lepton–nucleon scatterings is determined by
the momentum difference of the in–coming lepton and the out–going lepton. The
maximal value of the leptonic invariant mass W 2 for B-meson decay is smaller
than that for lepton–nucleon scatterings Q2, which reaches, for example, Q2 =
160 GeV 2 at BCDMS at CERN. The value of W 2 for the B-meson decay cannot
exceed the mass of the b-quark and therefore varies between 0 ≤ W 2 ≤ m2b . The
estimated b-quark pole mass is 4.6 GeV ≤ mb ≤ 5.1 GeV .






Figure 5.2: B-meson decay in the parton model.
5.1.3 Distribution Function
It is shown in Section 2.3 that the B-meson structure functions are expressed
with a single distribution function f(χ) in the Light–Cone limit in terms of the
scaling variable χ±. The interpretation of the distribution function of f(χ) is
the probability to find a b-quark with momentum χPB inside a B-meson with
momentum PB, incorporating long–distance behavior. The properties of the dis-
tribution function are determined by experimental results, as the long–distance
behavior cannot be calculated explicitly.
Heavy Quark Effective Theory (HQET) provides important parameters, which
are measured experimentally. We exploit these experimental results of the HQET
parameters to determine the distribution function.
In Section 2.3 we defined the distribution function f(x) as
f(x) ≡
∫





d(y · PB) ei x·(y·PB) 〈B|b¯(0) 6PB (1− γ5) b(y)|B〉|y2=0 .(5.9)
In Heavy Quark Effective Theory (HQET), the b-quark field b(x) is repre-
sented by the velocity dependent b-quark field bv and the relation between b(x)
and bv(x) reads to first order in 1/mb [13]
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This leads to an Operator Product Expansion as in [67, 69]













where kµ = iDµ = i(∂µ − igsAµ), and S denotes a symmetrization. The matrix
element 〈B|b¯(0) γβ (1− γ5) b(y) |B〉 is expressed in terms of bv as










β µiP µ1 · · ·P µi−1P µi+1 · · ·P µn
)
+ terms with gµi µj . (5.12)


























dx (x− x˜)nf(x) , (5.15)
and M0(x˜) = C00 = 1 by definition.
The coefficients Cni are estimated from HQET. The effective Lagrangian has
the form
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α β = i [Dα, Dβ] is the gluon field–strength tensor. The matrix elements
of local operators in full QCD are related to those in HQET as written in [35, 70,
71, 72, 73] and the coefficients Cni can be expressed in terms of HQET parameters.













C21 = C22 = 0 , (5.17)
and the dimensionless HQET parameters Kb and Gb read






Gb(B) = − 1
2 MB




and Eb(B) = Kb(B) + Gb(B).
The parameter Kb(B) measures the kinetic energy of b-quarks inside B-
mesons, and the parameter Gb(B) the chromo–magnetic energy due to the spin
coupling between the b-quark and the light constituents in the B-meson. The
sum rule in Eq.(5.14) determines the mean value µ and the variance σ2 of the
distribution function up to order (ΛQCD/mb)
2. From the definition in Eq.(5.15)
we obtain
µ ≡ M1(0) = x˜ + M1(x˜) ,
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In Heavy Quark Effective Theory (HQET) the masses of B mesons are ex-
panded in powers of the b-quark mass mb [75]
MB = mb + Λ¯− λ1 + 3λ2
2 mb
,
MB∗ = mb + Λ¯− λ1 − λ2
2 mb
, (5.21)
and the parameter λ1 characterizes the mass shift due to the kinetic operator,
and λ2 the effect of chromo–magnetic interaction of the heavy quark and the light
quark inside the B-meson. λ1 and λ2 read
λ 1 ≡ 1
2 MB
〈B | h¯(iD)2h |B〉 ,
λ 2 ≡ 1
12 MB
〈B | h¯ gs Gαβ σαβ h |B〉 , (5.22)
and in terms of Kb(B) and Eb(B)




The parameters λ1, λ2, and Λ¯ are measured from experiment. λ2 is directly
measured from the mass difference between B and B∗, whereas λ1 still contains
large uncertainty. The latest measurements of Λ¯ and λ1 at CLEO are [79]
Λ¯ = 0.39 ± 0.03 (stat) ± 0.06 (syst) ± 0.12 (th) GeV , (5.24)
λ1 = −0.25 ± 0.02 (stat) ± 0.05 (syst) ± 0.14 (th) GeV 2 , (5.25)
and we use λ1 = −0.24 GeV 2 and λ2 = 0.12 GeV 2.
One can try many possible distribution functions respecting the constraints
in Eq.(5.20) and Eq.(5.23). The one pioneering model was suggested by Peterson
et al. [78], which was proposed to explain hadronization, that is, the transition
from partonic states into physical hadronic states. One assumes that
fptr(x) = Nptr
1
x[1− (1/x)− Q/(1− x)]2 , (5.26)
with the normalization constant Nptr. The distribution function by Peterson
et al. depends on one parameter, which is correlated to the mean value of the
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distribution. So, we have less freedom for the variance of the distribution function
in this case.
We introduce the distribution function suggested by Jin and Paschos [33] and
focus on it. The distribution function by Jin and Paschos reads
fjp(x) = Njp
x (1− x)
(x− b)2 + a2 , (5.27)
where the two parameters a and b are to be determined by experimental results




dx f(x) = 1 . (5.28)
Likewise, Np in Eq.(5.26) is determined by using Eq.(5.28).






is dependent on the mass of the b-quark, which is not directly measurable. We
replace the b-quark mass with χ MB in the radiative corrections and let the b-
quark mass run p2b = χ
2 M2B. There are two approaches to handle the b-quark
mass in the parton model. One is to keep the b-quark mass m2b and give the
b-quark momentum pb = (mb, ~pbT , pb z), and the other is to let the b-quark mass
change p2b = χ
2 M2B and give the b-quark momentum pb = χ PB. For the latter
case pb = (χ MB,~0) in the B-meson rest frame.
The estimation of Kb and Gb from the experimental data λ1 and λ2 using
Eq.(5.20) and Eq.(5.23) depends on the b-quark mass, which contains large un-
certainties. Therefore the estimation of Kb and Gb from the definition of HQET
depends on the reference b-quark mass, and this reference b-quark mass controls
the parameters a, which is mainly responsible for the variance of the distribution
function, and b, which is related with the ratio between the b-quark mass and the
B-meson mass. Therefore, the reference b-quark mass has the main influence on
the mean value of the distribution function, and the distribution function shows
the most probability to find a b-quark with the reference b-quark mass.
There are in general several mass definitions. Two representative definitions
are the MS mass and the pole mass. The MS mass mb(mb) is determined in
the MS–renormalization scheme taking the renormalization scale µ = mb. The
pole–mass mb is the pole of the quark propagator. Several groups have calculated
the b-quark mass using different methods, and the latest status of the b-quark
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mb (GeV ) µ σ
2 a b
4.65 0.878 0.0028636 0.00566 0.889
4.80 0.907 0.0028640 0.00417 0.917
4.95 0.935 0.0028643 0.00298 0.946
Table 5.1: a and b at various mb for the Jin and Paschos model.
mb (GeV ) µ σ
2 Q σ
2(fp(x))
4.65 0.878 0.0028636 0.002016 0.0141495
4.80 0.907 0.0028640 0.000910 0.0184300
4.95 0.935 0.0028643 0.00032 0.0073793
Table 5.2: Q at various mb for the Peterson et al. model.
mb(mb) mass ranges from 4.0 GeV to 4.5 GeV and the corresponding range of
the pole mass mb is 4.6− 5.1 GeV [27].
A recent result of mb(mb) using the SVZ sum rule is [80]
mb(mb) = 4.191 ± 0.051 GeV , (5.30)
and it show a good agreement with the results in [81, 82, 83, 84, 85, 86, 87, 88]
and this result corresponds to the pole mass [89, 90, 91, 92]
m2−loopb = 4.65 ± 0.06 GeV ,
m3−loopb = 4.82 ± 0.06 GeV . (5.31)
We adopt mb = 4.80 ± 0.15 GeV which is the mean value of the recent results.
Employing the experimental results λ1 = −0.24 GeV 2 [79] and fixing λ2 =
(MB∗−MB)2
4
= 0.12 GeV 2 [69], we obtain the corresponding µ, σ2, a and b deter-
mined from Eq.(5.20) and Eq.(5.23) and they are in Table 5.1.
In the same way, we can determine the parameter Q in Eq.(5.26). In this
case we cannot find an Q which satisfies both the mean value and the variance
in Eq.(5.20) for certain λ1, λ2 and mb. We determine the parameter Q in such
a way that the mean value of the distribution function Eq.(5.26) is the same as
the mean value from Eq.(5.20) with λ1 = −0.25 GeV 2 and λ2 = 0.12 GeV 2 at a
certain mb. The results are found in Table 5.2.
The value σ2(fp(x)) is the variance of the distribution function Eq.(5.26) with
the corresponding Q, and σ
2 is determined by the experimental results λ1 and λ2
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using Eq.(5.20). The two variances are different whereas the distribution function
Eq.(5.26) has the same mean value in Table 5.2 with the corresponding Q. In
the following sections we present various spectra with this information on the
distribution function.
5.2 Spectra from B-meson decay
In this section we present various kinds of spectra from B-meson decay with the
use of the Light–Cone expansion and the parton model. We present both the
Born approximation of the spectrum and the radiatively corrected spectrum.
The Born approximation of B-meson decay in the parton model with scaling
variables χ± is obtained by inserting Eq.(2.34) into Eq.(2.11) and reads [33]
d3Γ




W 0 − Ee√






)− (χ+ → χ−)) , (5.32)
and
χ± =
W · PB ±
√
(W · PB)2 −M2B(W 2 −m2f)
M2B
, (5.33)
where mf = mu = 0. The contribution from χ− is negligible and therefore we
keep only the terms with χ+. The electron energy spectrum is directly obtained
by integrating Eq.(5.32) over W 0 and W 2.
The contribution from the radiative corrections dΓrad is added by replacing
the four–momentum of the b-quark by χPB in the QCD corrections dΓ
αs of the





We generate the Born approximation of the spectrum and compare it with
the spectrum with the QCD corrections of order αs. The analyses are carried
out with the b-quark masses mb = 4.65, 4.80, 4.95 GeV . The uncertainty in
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the b-quark mass is taken over by the parameters a and b of the distribution
function as noted in Section 5.1.3. The parameter a governs the variance of the
distribution function and the b parameter its mean value.
5.2.1 Electron Energy Spectrum
The electron energy spectrum from b-quark decay and from B-meson decay are
compared in Figure 5.3. We take mb = 4.80 GeV , and the corresponding values
of a and b for the distribution function suggested by Jin and Paschos in Eq.(5.27)
are a = 0.00417 and b = 0.917, which are displayed in Table 5.1. The dotted
line in Figure 5.3 is the electron energy spectrum from b-quark decay in the Born
approximation, and the dot–dashed line the spectrum with radiative corrections
at αs = 0.22. The Born approximation of the electron energy spectrum from
B-meson decay and the spectrum with radiative corrections at αs = 0.22 are
depicted by the dashed line and by the solid line in Figure 5.3, respectively.
In Figure 5.3 one can observe the difference in the end point region of the
electron energy between the spectrum from B-meson decay and that from b-








effect of QCD corrections is smaller in the case of B-meson decay than in the
case of b-quark decay. The contribution of QCD corrections to B-meson decay
is apparent for the total decay rate Γ0 → Γ but not for the electron energy
spectrum.
We compare the electron energy spectrum at mb = 4.65 GeV and mb =
4.80 GeV in Figure 5.4. In Figure 5.4(a) and Figure 5.4(b) the dotted line and
the solid line are the Born approximation of the spectrum and the radiatively
corrected spectrum with a = 0.00417 and b = 0.917 respectively. The dashed lines
in Figure 5.4(a) and Figure 5.4(b) are the Born approximation of the spectrum
with a = 0.00566 and b = 0.889, and the dot–dashed lines the spectrum with
QCD corrections. The strong coupling constant is αs = 0.22 for Figure 5.4(a)
and αs = 0.25 for Figure 5.4(b).
In Figure 5.4 we can clearly observe that the effect of QCD corrections on the
electron energy spectrum is not significant. The change of the strong coupling
constant αs = 0.22 → αs = 0.25 does not result in a big change in the spectrum.
The QCD corrected spectra at αs = 0.22 in Figure 5.4(a) and at αs = 0.25 in
Figure 5.4(b) are almost overlapped with the spectra of the Born approximation,
but the change of the b-quark mass gives non–trivial effects on the electron energy
spectrum. The peak of the spectrum moves depending on the b value, which is
dependent on the ratio of b-quark mass to B-meson mass.
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Figure 5.3: The electron energy spectrum from B-meson decay is compared with
that from b-quark decay. The b-quark mass is assumed to be mb = 4.80 GeV .
In Figure 5.5 the spectra from B-meson decay with various a and b are com-
pared, which correspond to mb = 4.65 GeV , mb = 4.80 GeV , and mb = 4.95 GeV .
Figure 5.5(a) shows the Born approximation of the electron energy spectrum at
various mb values. Comparison of the electron energy spectrum at the three mb
values and the corresponding a and b values is found in Table 5.1.
The shape of the spectra depends highly on the values of a and b, i.e. on the
b-quark mass, which shows that the effect of uncertainty in the b-quark mass is
not trivial for the study of B-meson decay. As one can observe in Figure 5.5,
the curves are shifted from left to right as one changes from mb = 4.65 GeV
to mb = 4.95 GeV . The electron energy spectra at αs = 0.22 are shown in
Figure 5.5(b). The inclusion of QCD corrections with αs = 0.22 does not influence
the shape of the electron energy spectra from B-meson decay, which is observed
in Figure 5.5(b).
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(b)
Figure 5.4: (a) The dotted line is the Born approximation of the spectrum with
a = 0.00417 and b = 0.917, and the solid line the spectrum with radiative cor-
rections at αs = 0.22 with a = 0.00417 and b = 0.917. The dashed line is
the Born approximation of the spectrum with a = 0.00566 and b = 0.889, and
the dot–dashed line the spectrum with radiative corrections at αs = 0.22 with
a = 0.00566 and b = 0.889. (b) The dotted line is the Born approximation of the
spectrum with a = 0.00417 and b = 0.917, and the solid line the spectrum with
radiative corrections at αs = 0.25 with a = 0.00417 and b = 0.917. The dashed
line is the Born approximation of the spectrum with a = 0.00566 and b = 0.889,
and the dot–dashed line the spectrum with radiative corrections at αs = 0.25
with a = 0.00566 and b = 0.889.
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(b)
Figure 5.5: (a) The Born approximation of the electron energy spectrum from
B-meson decay with various a and b. (b) The electron energy spectra from B-
meson decay with the radiative corrections at αs = 0.22. For both (a) and (b),
the solid line is with a = 0.00417 and b = 0.917, the dotted line with a = 0.00566
and b = 0.889, and the dashed line with a = 0.00298 and b = 0.946.
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5.2.2 Leptonic Invariant Mass Spectrum
Spectra of the leptonic invariant mass W 2 from B-meson decay are displayed in
Figure 5.6 and Figure 5.7. As in the case of the electron energy spectrum in
Section 5.2.1, we take various a, b, and αs values and observe the change of shape
of the spectrum.
Figure 5.6 shows the comparison for b-quark and B-meson decays for each of
αs = 0.22 and αs = 0.25. At low W
2 the radiative corrections give significant
contributions to the leptonic invariant mass spectrum in both cases.
One more thing to note in Figure 5.6 is that the W 2 spectrum from B-meson
decay has moved upward in the small W 2 region with QCD corrections included,
whereas the W 2 spectrum with QCD corrections from b-quark decay has moved
downward in the same region.
The W 2 spectra with various b-quark masses are displayed in Figure 5.7.
Figure 5.7(a) shows the Born approximation of the W 2 spectrum with different
a and b values, and Figure 5.7(b) the W 2 spectrum with QCD corrections at
αs = 0.22. The shape of the spectrum changes obviously depending on the b-
quark mass, i.e. the values of a and b. However, the change from QCD corrections
is small for the W 2 spectrum, too. It means that the non–perturbative QCD effect
is more important than the perturbative QCD corrections.
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(b)
Figure 5.6: The W 2 spectrum from B-meson decay is compared with that from
b-quark decay. In both (a) and (b), the dotted line is the W 2 spectrum from
b-quark decay, and the solid line the spectrum from B-meson decay. The b-quark
mass is assumed to be mb = 4.80 GeV . (a) The Born approximation of the W
2
spectrum from b-quark decay and from B-meson decay. (b) The W 2 spectrum
with the radiative corrections at αs = 0.22 from b-quark decay and B-meson
decay.
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(b)
Figure 5.7: The dotted line: mb = 4.65 GeV ; the solid line: mb = 4.80 GeV ; the
dashed line: mb = 4.95 GeV . (a) The Born approximation of the W
2 spectrum
at various a and b. (b) The W 2 spectrum with radiative corrections at αs = 0.22.
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5.2.3 Hadronic Energy Spectrum
In this section we compare the hadronic energy EH spectrum from B-meson
decay with that from b-quark decay in Chapter 4 and display the change of the
spectrum according to b-quark mass. In Figure 5.8(a) the Born approximation
of the hadronic energy spectrum from B-meson decay is compared with that
from b-quark decay. Figure 5.8(b) shows the radiatively corrected spectra both
from B-meson decay and from b-quark decay. The b-quark mass is assumed
mb = 4.80 GeV , and strong coupling constant αs = 0.22 is used in Figure 5.8.
The hadronic energy spectrum from B-meson decay almost overlaps with that
from b-quark decay up to EH ∼ 2.6 GeV . The difference between the spectrum
from B-meson decay and that from b-quark decay is dominant in the end point
region of hadronic energy. The tail observed in the hadronic energy spectrum
from B-meson decay in Figure 5.8(a) beyond EH ∼ 2.8 GeV , appears in the
spectrum from b-quark decay only after QCD corrections are added. As seen in
Figure 5.8(b), the tails become more apparent after QCD corrections are included.
The tails both from B-meson decay and from b-quark decay overlap with each
other after QCD corrections, and no significant difference is observed between
the hadronic energy spectrum of B-meson decay and b-quark decay as seen in
Figure 5.8(b). From this fact, we conjecture that the non–perturbative effect is
not large for the hadronic energy spectrum and that QCD corrections to b-quark
decay can amend the non–perturbative aspect of QCD to some degree.
In Figure 5.9 the spectra with various values of the b-quark mass are displayed.
b-quark masses under consideration are mb = 4.65 GeV , mb = 4.80 GeV , and
mb = 4.95 GeV . The corresponding a and b values for the distribution function
suggested by Jin and Paschos are found in Table 5.1. Figure 5.9(a) shows the Born
approximation of the hadronic energy spectrum, and Figure 5.9(b) the radiatively
corrected spectrum. The shapes of the spectra are different depending on the
parameters a and b. The hadronic energy spectrum moves from left to right as
the value of a increases from a = 0.00298 (for mb = 4.95 GeV ) to a = 0.00566
(for mb = 4.65 GeV ). The QCD corrections make the shape of the spectrum
wider as observed in Figure 5.9(b).
The sharp peak in the B-meson decay spectrum with QCD corrections is due
to the fact that the radiative corrections have two different expressions beyond
EH = MB/2. At the point EH = MB/2 where the two expressions meet, one
observes a discontinuity. The sharp peak is also observed in the b-quark decay
spectra in Figure 4.4 and in Figure 4.5 and becomes smoother in the B-meson
decay spectra in Figure 5.8(b) and in Figure 5.9(b).
The hadronic energy spectra from B-meson decay in the parton model can be
compared with results in other models. The hadronic energy spectra in ACCMM
and the results in HQET are compared in [21]. The hadronic energy spectra in
78 Chapter 5 B-meson decay in the Parton model
the parton model is more similar to the results in HQET approaches.
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(b)
Figure 5.8: The hadronic energy spectrum from B-meson decay compared with
that from b-quark decay at mb = 4.80 GeV . The solid line shows the spectrum
from B-meson decay, and the dotted line from b-quark decay. (a) The Born ap-
proximation of the hadronic energy spectrum. (b) The hadronic energy spectrum
with radiative corrections at αs = 0.22.
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Figure 5.9: The hadronic energy spectrum from B-meson decay with various a
and b; the dotted line: a = 0.00566, b = 0.889; the solid line: a = 0.00417,
b = 0.917; the dashed line: a = 0.00298, b = 0.946. (a) The Born approximation
of the hadronic energy spectrum from B-meson decay. (b) The hadronic energy
spectrum from B-meson decay with radiative corrections at αs = 0.22.
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5.2.4 Hadronic Invariant Mass Spectrum
In this section we present the hadronic invariant mass MH spectrum and the
squared hadronic invariant mass spectrum SH . The squared hadronic invariant







m2b −W 2 + P 2
)
+ Λ¯2 , (5.35)
where P is the quark–gluon system defined in Section 3.1. The hadronic invariant
mass is defined as MH ≡
√
SH .
Figure 5.10 shows the comparison between the squared hadronic invariant
mass spectrum from b-quark decay and that from B-meson decay. The b-quark
mass is assumed to be mb = 4.80 GeV , and the strong coupling constant αs =
0.22. In Figure 5.10(a) we observe that the Born approximation of the squared
hadronic invariant mass spectrum from B-meson decay is obviously different from
that from b-quark decay. The outstanding difference is observed at the end point
of SH . The tail beyond SH ∼ 2.5 GeV 2, which is found in the B-meson decay
spectrum, is not observed in the b-quark decay spectrum. After QCD corrections
are included, the two spectra from B-meson decay and from b-quark decay become
similar at the end point of SH . The sharp divergence around SH ∼ 2.8 GeV 2 in
b-quark decay has been smoothed in the B-meson decay spectrum. The squared
hadronic invariant mass spectra from B-meson decay both at the Born Approx-
imation and with QCD corrections have moved to left compared to those from
b-quark decay. We conjecture that the effect of non–perturbative QCD has shifted
the spectra from right to left.
In Figure 5.11 we compare the squared hadronic invariant mass spectrum
from B-meson decay with various values of the b-quark mass. The corresponding
values of a and b are displayed in Table 5.1. Depending on the values of a
and b, the spectrum shows different shapes. As the b-quark mass increases, the
squared hadronic invariant mass spectrum moves from right to left and becomes
narrower. The sharp peak from QCD corrections has become smoothed and it
becomes smoother as the b-quark mass becomes smaller.
The hadronic invariant mass MH spectrum is displayed in Figure 5.12 and in
Figure 5.13. As the case of the squared hadronic invariant mass spectrum, we
compare the hadronic invariant mass spectrum from B-meson decay with that
from b-quark decay in Figure 5.12. The major difference is observed in the end
point region of MH , which is similar to the case of the squared hadronic invariant
mass spectrum.
After QCD corrections are included, no significant difference is observed be-
tween the hadronic invariant mass spectrum of B-meson decay and that of the
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(b)
Figure 5.10: (a) The Born approximation of the squared hadronic invariant mass
spectrum of B-meson decay is compared with that of b-quark decay. The solid
line shows the spectrum of B-meson decay, and the dotted line of b-quark decay.
(b) The spectrum with radiative corrections at αs = 0.22 are displayed. The
solid line is the spectrum from B-meson decay, and the dotted line from b-quark
decay.
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(b)
Figure 5.11: For both (a) and (b); the dotted line: mb = 4.65 GeV ; the solid line:
mb = 4.80 GeV ; the dashed line: mb = 4.95 GeV . (a) The Born approximation
of the squared hadronic invariant mass spectrum from B-meson decay. (b) The
squared hadronic invariant mass spectrum with radiative corrections at αs = 0.22
from B-meson decay.
84 Chapter 5 B-meson decay in the Parton model
b-quark decay. From this fact, we conjecture that the non–perturbative effect is
not large for the hadronic invariant mass spectrum and that QCD corrections to
b-quark decay can amend the non–perturbative aspect of QCD.
Figure 5.13 shows the hadronic invariant mass spectra with various a and b
values which correspond to various values of the b-quark mass. The hadronic
invariant mass spectra in Figure 5.13 can be compared with the results in [68],
where different a and b are employed. The mean value and variance of the
distribution function assumed in [68] are µ = 0.93 and σ2 = 0.006 respectively,
and the corresponding a and b are a = 0.0056 and b = 0.953. The mean value
and variance employed for Figure 5.13 are in Table 5.1. For example, when mb =
4.80 GeV , the mean value is µ = 0.907 and the variance is σ2 = 0.0028640. The
variance in our analysis is smaller than that in [68], which results in a narrower
shape of the hadronic invariant mass spectrum. The change in the hadronic
invariant mass spectrum depending on the various a and b is similar to that in
the squared hadronic invariant mass spectrum. As the b-quark mass increases,
the hadronic invariant mass spectrum moves from right to left. Depending on
the b-quark mass, the spectrum moves visibly, from which one can think that the
hadronic invariant mass spectrum is suitable for investigating the b-quark mass.
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Figure 5.12: (a) The Born approximation of the hadronic invariant mass spec-
trum from B-meson decay is compared with that from b-quark decay. The solid
line shows the spectrum from B-meson decay, and the dotted line from b-quark
decay. (b) The solid line is the hadronic invariant mass spectrum with radiative
corrections at αs = 0.22 from B-meson decay, and the dotted line that from
b-quark decay.
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Figure 5.13: (a) The Born approximation of the hadronic invariant mass spectrum
from B-meson decay with various a and b is displayed. (b) The hadronic invariant
mass spectrum with radiative corrections at αs = 0.22. For both (a) and (b),
the solid line is for mb = 4.80 GeV , the dashed line for mb = 4.65 GeV , and the
dotted line for mb = 4.95 GeV .
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Chapter 6
Evolution of the distribution
function f (x,W 2)
In Chapter 5 we applied the naive parton model without considering further QCD
interactions inside the B-meson. The parameters of the distribution function were
determined using HQET parameters. In this chapter we consider further QCD
interactions of the b-quark inside the B-meson and improve the naive parton
model.
It is simply imagined that b-quarks might emit gluons before they decay
into light quarks, resulting in changing the distribution function. One standard
method to handle the further QCD interactions inside hadrons is Altarelli–Parisi
type evolution of the distribution function.
One factors out the terms with collinear divergences, which appear when
in–coming particles are massless, using the Leading Logarithmic Approximation
(LLA). The leading logarithmic terms are factorized at a factorization scale µ2f
into two parts. One part contains the W 2 dependence and the other the collinear
divergences. The part with the collinear divergences is absorbed into the distri-
bution function, and finally we obtain the W 2 dependent distribution function.
We reproduce the Altarelli–Parisi evolution equation from b-quark decays and
proceed the Altarelli–Parisi type evolution for the distribution function.
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6.1 Altarelli–Parisi Evolution Equation
The distribution function is modified under consideration of further QCD in-
teractions and gains a leptonic invariant mass W 2 dependence. One standard
method is Altarelli–Parisi type evolution [94]. In this section, we briefly revisit
the Altarelli–Parisi evolution equation, taking lepton–nucleon scatterings as an
example.
The Altarelli–Parisi evolution equation is a set of integro–differential equa-
tions for the leptonic invariant mass Q2 = −q2 dependence of quark and gluon
distributions in the case of lepton–nucleon scatterings e + p −→ e′ + X.
For the case of one flavor of quarks we write a non singlet quark density as
fNS(x, t) = f(x, t) − f¯(x, t) , (6.1)
where t ≡ 1
2
ln(Q2/µ20) with a fixed reference momentum µ
2
0. The moments of




dx xn−1 fNS(x, t) , (6.2)
and the predicted t dependence of moments is [96, 97]













with f the number of flavors.




= 1 + b α t , (6.5)








n (t) , (6.6)
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and Eq.(6.3) is the solution of Eq.(6.6) with initial value MNSn (0) at t = 0. We



















dz zn−1 P(z) = ANSn . (6.8)
Eq.(6.8) can be rewritten in infinitesimal form as






dxδ(zy − x)fNS(y, t)×{





The functions PNS(z) are called splitting functions and are universal. In
Section 6.2 we reproduce the splitting functions in the small mb limit.
6.2 Factorization
In Chapter 2, we obtained the Born approximation of the B-meson decay rate
in the Light–Cone expansion and the triple differential decay rate formula in the
Born approximation reads
d3Γ




W 0 − Ee√




2χ+ Ee MB −W 2
)
, (6.10)
and we set mu = 0. In the Born approximation the main contribution is from
the variable χ+ and we ignore the contribution from the other variable χ−.
In the deep inelastic region, where we consider further QCD interactions of
the partons, χ− approaches the Bjorken scaling variable. Replacing the B-meson
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mass MB with the b-quark mass mb and expanding it in the powers of small mb,
we obtain
χ− =
W · PB −
√
(W · PB)2 −M2B W 2
M2B
MB→mb, PB→pb−→ W · pb −
√
























2W · pb +O(m
2
b) , (6.11)
which is the same as the Bjorken scaling variable. We define
χ′− ≡
W 2
2W · pb . (6.12)
In Eq.(6.11) W 2 is positive and we do not need to change the sign as in the
case of lepton–nucleon scatterings. From Eq.(6.11) we conclude that the scaling
variable χ− can be identified as the Bjorken scaling variable in the deep inelastic
region, where further QCD interactions become significant. The distribution
function f(x) is modified by considering further QCD interactions of the b-quark
inside the B-meson and obtains the W 2 dependence.
In Chapter 3 we obtained radiative corrections to semi–leptonic b-quark de-
cays. The differential decay rate is expressed in the variables x, y, and z, which
are scaled by p2b = m
2
b . The results in Chapter 3 were proven to be identical with
the results in [4]. For the convenience of calculation we adopt the results in [4].
The b-quark mass mb is given in the parton model as m
2
b = χ
2 M2B, and χ is the
momentum fraction of the b-quark from the B-meson. The collinear singularity
appears when χ → 0 and consequently, m2b → 0. One method to remove this
collinear singularity is the Leading Logarithmic Approximation (LLA). We take
the leading logarithmic terms which are divergent as m2b → 0 and factorize with




b) is absorbed into
the distribution function, and one gets an evolution equation of the distribution
function as the result.





(1 + y)(χ′− − 1)
χ′−
, (6.13)
z ≡ 2v · p
mb






where W and P are the momenta of lepton system and quark–gluon system
respectively as defined in Section 3.1.
We expand the invariant functions Wi in [4] in powers of small m
2
b . All
other Wi except W1 vanish in the small m
2
b limit, and we obtain the same tensor
structure as that of the Born approximation in Eq.(2.34). Taking the limit of
mb → 0 we extract from W1 the collinear contribution of order αs to the b-quark


























. The logarithmic term in Eq.(6.15) is factorized with the fac-








dy du f(y, µ2)Pqq(u)×[
δ(yu− x)− δ(y − x)]d(ln(µ2)) . (6.18)










f(y, t)Pqq(x/y) , (6.19)
with t = 1
2
ln(µ2/µ20), where the factorization scale µ
2
f is replaced with the refer-
ence momentum scale µ20.
We replace the splitting function Pqq(z) in Eq.(6.19) with the conventional
splitting function










which includes the contributions from virtual corrections. The distribution func-
tion in Eq.(6.19) depends on µ2, and we use µ2 as the evolution variable. We
define b = xPB and m
2
b = x
2M2B using the parton model description, and the
b-quark mass changes inside the B-meson depending on the scaling variable x.





dx dΓˆf(x, µ2) , (6.21)
where
dΓˆ





2 MB x Ee −W 2
)
√
(W 0)2 −W 2 + m2u
(
W 0 − Ee
)
, (6.22)
and f(x, µ2) is obtained by solving the Altarelli–Parisi evolution equation.
We consider that the evolution of the distribution function starts from the
leptonic invariant mass W 2 = 1 GeV 2, which corresponds to µ2 = m2b − 1 GeV 2,
and continues until the value of the evolution variable µ2 reaches the reference
momentum scale µ20 = 1 GeV
2. We should note that m2b is not fixed but varies
depending on x. When µ2 = x2M2B − 1 GeV 2 ≤ 1 GeV 2, which corresponds to
x ∼ 0.27, there happens to be no evolution of the distribution function.
6.3 Spectra with Evolved Distribution Function
In the last section we showed that the distribution function obtains µ2 dependence
from the QCD corrections, where m2b is given by m
2
b = x
2M2B, and the evolution
equation of the distribution function is the Altarelli–Parisi equation in the small
mb limit, i.e. in the region of small x. The solution of the Altarelli–Parisi equation
is carried out numerically. In this section, we display the numerical solution of
the Altarelli–Parisi evolution equation for the distribution function and show how
the distribution function changes depending on the leptonic invariant mass W 2.
We use the evolution program which was used in [99].
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We adopt two different models for the distribution functions. One is the
model suggested by Jin and Paschos, and it reads at the reference momentum






(x− b)2 + a2 , (6.23)
which we used for the naive parton model investigation in Chapter 5. In Chapter 5
we used the distribution function at the reference momentum in Eq.(6.23), which





(1− x)2 + Qx
)2 , (6.24)
which is the fragmentation function found by Peterson et al. [78]. Both Njp and
Nptr in Eq.(6.23) and Eq.(6.24) are constants to keep the normalization condition∫ 1
0
dxf(x, µ20) = 1. The µ




dxf(x, µ2) = 1 . (6.25)
The parameters a and b in Eq.(6.23) are found in Table 5.1 and Q in Eq.(6.24)
in Table 5.2
We have checked if the normalization condition in Eq.(6.25) was still kept
numerically at each point of µ2 with the normalization constants Njp and Nptr
which were determined for the distribution functions at the reference momen-
tum scale. In Table 6.1 and Table 6.2 we present the numerical results of
S[ f(x, µ2) ] ≡ ∫ 1
0
dxf(x, µ2) at various points of µ2 with fixed mb for each
fjp(x, µ
2) and fptr(x, µ
2). E[ f(x, µ2) ] represents errors from the numerical inte-
gration.
The values of S[ f(x, µ2) ] are centered around 1, and the errors E[ (f(x, µ2) ]
are found to be small. From the data in Table 6.1 and Table 6.2 we conclude
that f(x, µ2) keeps the normalization condition in Eq.(6.25) up to 10 % at each
point of µ2.
Evolution starts from the leptonic invariant mass W 2 = 1 GeV 2, which cor-
responds to the Light–Cone region. The evolution range is, therefore, 1 GeV 2 ≤
µ2 ≤ m2b − 1 GeV 2. In Figure 6.1 and Figure 6.2 we present the behavior of
fjp(x, µ
2) and fptr(x, µ
2). In Figure 6.1(a) and Figure 6.2(a) the b-quark mass
is fixed as m2b = 4.80
2 GeV 2 and in Figure 6.1(b) and Figure 6.2(b) the b-quark
mass varies according to m2b = x
2M2B. We compare each case at different points of
µ2. The distribution functions fjp(x, µ
2) and fptr(x, µ
2) around small x increase
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W 2 S[ fjp(x, µ












Table 6.1: The numerical integration of fjp(x, µ
2) from 0 to 1 at various µ2.
W 2 S[ fptr(x, µ












Table 6.2: The numerical integration of fptr(x, µ
2) from 0 to 1 at various µ2.
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after evolution as µ2 increases with fixed mb. The difference in the evolved dis-
tribution function between the fixed b-quark mass and the varying b-quark mass
is observed in the small x region.
The specific behavior of fjp(x, µ
2) and fptr(x, µ
2) with fixed mb at a certain
x according to the change of µ2 is depicted in Figure 6.3 and Figure 6.4. We
have chosen x = 0.01, 0.3, 0.6, 0.7, 0.9, 0.95 and the behavior of fjp(x, µ
2) and
fptr(x, µ
2) are different at each point of x. This is due to the different shape of
the two different distribution functions. The peak point of fptr(x, µ
2
0) is closer to
x = 1 than that of fjp(x, µ
2
0).
The electron energy spectrum with the evolved distribution function is dis-
played in Figure 6.5. In Figure 6.5(a) we compare the electron energy spectrum
in the naive parton model with that of the evolved distribution function. The
distribution function used for Figure 6.5(a) is fjp(x, µ
2) with m2b = x
2M2B. The
electron energy spectrum with the evolved distribution function is shifted from
right to left, which corresponds to the fact that the evolution makes the mean
values of the distribution functions become smaller. In Figure 6.5(b) the elec-
tron energy spectrum with fjp(x, µ
2) is compared with that with fptr(x, µ
2). The
difference is found in the end point region of the electron energy. The electron
energy spectrum with fptr(x, µ
2) does not approach 0 as rapidly as the spectrum
with fjp(x, µ
2) does. This is from the fact that peak point of fptr(x, µ
2
0) is closer
to x = 1 than that of fjp(x, µ
2
0), which is observed in Figure 6.1 and Figure 6.2.
In Figure 6.6 the electron energy spectra with various evolution ranges are
displayed, and we can observe the effect of the evolution range. The dashed
line is the electron energy spectrum with the evolution starting point W 2 =
5 GeV 2, which corresponds to µ2 = x2M2B−5 GeV 2, and the dot–dashed line the
spectrum with the evolution starting point W 2 = 20 GeV 2, which corresponds
to µ2 = x2M2B − 20 GeV 2. As the evolution range becomes wider, the electron
energy spectrum is shifted more from right to left.
In Figure 6.7 we display the leptonic invariant mass spectrum W 2. Fig-
ure 6.7(a) shows the W 2 spectrum with fjp(x, µ
2) with m2b = x
2M2B and that
with fjp(x) from the naive parton model. The evolution of the distribution func-
tion makes the leptonic invariant mass spectrum narrower. The dominant effect
of the evolution is observed in the small W 2 region.
In Figure 6.7 we compare the W 2 spectra with fjp(x, µ
2) and fptr(x, µ
2). The
two W 2 spectra with the two different distribution functions do not much differ
from each other, as is the case of the electron energy spectrum, where we observe
a difference only in the end point region of the electron energy. We can conclude
that the W 2 spectrum has less dependence on the model of the distribution
function.
In Figure 6.8 we present the W 2 spectra with various evolution range. The
solid line is the leptonic invariant mass spectrum with the evolution starting
point W 2 = 1 GeV 2, which corresponds to µ2 = x2M2B − 1 GeV 2, and the dot–
dashed line with the evolution starting point W 2 = 20 GeV 2, which corresp
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to µ2 = x2M2B − 20 GeV 2. As the evolution range becomes narrower, the effect
of evolution in the small W 2 region becomes smaller. We can conclude that
perturbative QCD effects dominate in the small W 2 region.
We can argue about possible errors in the spectrum with the evolved distribu-
tion functions. First, we can think of the errors from the numerical integration,
but these are within 2.5 %. The second possible errors are from the normaliza-
tion condition of the evolved distribution functions. In Table 6.1 and Table 6.2
we have shown the normalization condition of each distribution function. We
conclude that the evolved distribution function were well normalized. However,
strictly speaking, the values of S[ fjp(x, µ
2) ] and S[ fptr(x, µ
2) ] are not exactly 1,
but they increase slightly as µ2 becomes large.
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Figure 6.1: (a) The change of fjp(x, µ
2) with fixed m2b = 4.80
2 GeV 2. fjp(x, µ
2)
at µ2 = 3.04 GeV 2, 13.04 GeV 2, 22.04 GeV 2. (b) The change of fjp(x, µ
2) with
µ2 = x2M2B−W 2. fjp(x, µ2) at µ2 = x2M2B−20 GeV 2, x2M2B−10 GeV 2, x2M2B−
1 GeV 2.
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Figure 6.2: (a) The change of fptr(x, µ
2) with fixed m2b = 4.80
2 GeV 2. fptr(x, µ
2)
at µ2 = 3.04 GeV 2, 13.04 GeV 2, 22.04 GeV 2. (b) The change of fptr(x, µ
2) with
µ2 = x2M2B−W 2. fptr(x, µ2) at µ2 = x2M2B−20 GeV 2, x2M2B−10 GeV 2, x2M2B−
1 GeV 2.
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(b)
Figure 6.3: (a) The change of fjp(x, µ
2) at x = 0.01, 0.3, 0.6, 0.9. (b) The change
of fjp(x, µ
2) at x = 0.1, 0.7, 0.9, 0.95. For both (a) and (b), m2b = 4.80
2 GeV 2.
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Figure 6.4: (a) fptr(x, µ
2) at x = 0.01, 0.3, 0.6, 0.9. (b) fptr(x, µ
2) at x =
0.1, 0.7, 0.9, 0.95. For both (a) and (b), m2b = 4.80
2 GeV 2.
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Figure 6.5: (a) The solid line is the electron energy spectrum from B-meson decay
using fjp(x, µ
2). The dotted line is the Born approximation of the spectrum.
The dashed line is the spectrum with radiative corrections at αs = 0.22 using
the naive parton model with the distribution function fjp(x). (b) The electron
energy spectrum with different distribution function models. The solid line is the
spectrum using fjp(x, µ
2), and the dotted line the spectrum using fptr(x, µ
2).
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Figure 6.6: The electron energy spectrum with various evolution ranges. (a)
The solid line is the electron energy spectrum, where evolution starts from µ2 =
x2M2B − 1 GeV 2, which corresponds to W 2 = 1 GeV 2. The dashed line has
evolution range from µ2 = x2M2B − 5 GeV 2, the dotted line from µ2 = x2M2B −
15 GeV 2, and the dot–dashed line from µ2 = x2M2B −20 GeV 2. fjp(x, µ2) is used
for the distribution function. (b) The solid line is the electron energy spectrum,
where evolution starts from µ2 = x2M2B−1 GeV 2. The dashed line has evolution
range from µ2 = x2M2B − 5 GeV 2, the dotted line from µ2 = x2M2B − 15 GeV 2,
and the dot–dashed line from µ2 = x2M2B − 20 GeV 2. fptr(x, µ2) is used for the
distribution function.
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Figure 6.7: (a) The solid line is the leptonic invariant mass spectrum W 2 from
B-meson decay using fjp(x, µ
2). The dotted line is the Born approximation of
the spectrum. The dashed line is the spectrum with radiative corrections at
αs = 0.22 using the naive parton model with the distribution function fjp(x). (b)
The leptonic invariant mass spectrum with different distribution function models.
The solid line is the spectrum using fjp(x, µ
2), and the dotted line the spectrum
using fptr(x, µ
2).
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Figure 6.8: The leptonic invariant mass spectrum with various evolution ranges.
(a) The solid line is the leptonic invariant mass spectrum, where evolution starts
from µ2 = x2M2B − 1 GeV 2. The dashed line has evolution range from µ2 =
x2M2B−5 GeV 2, the dotted line from µ2 = x2M2B−15 GeV 2, and the dot–dashed
line from µ2 = x2M2B − 20 GeV 2. fjp(x, µ2) is used for the distribution function.
(b) The solid line is the leptonic invariant mass spectrum, where evolution starts
from µ2 = x2M2B − 1 GeV 2. The dashed line has evolution range from µ2 =
x2M2B−5 GeV 2, the dotted line from µ2 = x2M2B−15 GeV 2, and the dot–dashed
line from µ2 = x2M2B − 20 GeV 2. fptr(x, µ2) is used for the distribution function.
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Conclusions
We showed the explicit calculation and analytical results of QCD corrections to
semi-leptonic b-quark decay in Chapter 3, using the dimensional regularizaiton
scheme. The results are compared with those calculated with the finite gluon
mass scheme and have been found to be identical.
We employed the parton model for the non–perturbative QCD region, inspired
by the fact that the current commutator between B-mesons can be expressed with
a single distribution function in the Light–Cone limit. First, we adopted the naive
parton–model without including further QCD interactions of the quarks inside of
B-mesons.
In Chapter 5 we compared the electron energy spectrum, the leptonic invariant
mass spectrum, the hadronic energy spectrum, and the hadronic invariant mass
spectrum from B-meson decay with those from b-quark decay, using the naive
parton model for the non–perturbative QCD region and observed a significant
difference between the spectra. Especially, we could observe obvious differences
in the electron energy spectrum and the hadronic invariant mass spectrum. The
contribution from non–pertrubative QCD is, therefore, significant and more study
is needed for the non–perturbative QCD region.
Further QCD interactions inside the B-meson are considered by using Altarelli–
Parisi evolution of the distribution function. We factorized the collinear diver-
gences, which appeared in the limit of mb → 0, using the Leading Logarithmic
Approximation, and drove the evolution equation for the distribution function,
which was found out to be the same as the Altarelli–Parisi evolution equation.
This evolution equation enables us to investigate QCD in the low scale of W 2.
We compared the electron energy spectrum and the leptonic invariant mass
spectrum with and without the evolution of the distribution function. The evo-
lution of the distribution function clearly changes the electron energy spectrum
and the leptonic invariant mass spectrum. We employed two different types of
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distribution functions and observed that the change in the spectrum is less sensi-
tive to the shape of the distribution function. In the case of the electron energy
spectrum, we observed that the spectrum at the end point of the electron en-
ergy depends on the distribution function type. However, the spectrum gets a
significant effect from the evolution range. Especially the leptonic invariant mass
spectrum in the small W 2 region changes depending on the evolution range. From
the observation of the change in the spectrum by the evolution of the distribu-
tion function, we conclude that the contribution of the further QCD interactions
inside the B-meson is not trivial and more theoretical and experimental research
is needed for non–perturbative QCD.
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Calculation of Ii




, and these poles are extracted by calculating Ii and expanding them with
respect to ε.
The Ii are defined as
Ii ≡ dR(n)2 ( P ; pu, pg )( pb · pg )i . (A.1)
We employ the dimensional regularization scheme and therefore, keep the gluons















dθ1 sin θ1 · · ·
∫ pi
0
dθn−2 sinn−2 θn−2 , (A.2)
where ~x = (r, φ, θ1, · · · , θ2) in the n-dimensional spherical coordinate system and
|~x| ≡ r. The scalar product (pb · pg) is dependent on the angle θ between the two
vectors ~pb and ~pg
(pb · pg) = p0bp0g − |~pb||~pg| cos θ , (A.3)
in the massless limit of pg, and the angle θ is θn−2 if one fixes one of the two
vectors as the xn-axis.
The energy-momentum conservation relation says
pb = P + W , (A.4)
where P is the quark-gluon system P = pu + pg, and W is the leptonic system
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W = pe+pν . We calculate the Ii in the P rest frame, i.e. ~P = 0. The integrations
over θi, i = 1 · · ·n − 3, on which the scalar product is independent, are carried
out using the formula
∫ pi
0






and for the last angular phase integration we use the hyper-geometric formula





dx xb−1(1− x)c−b−1(1− xξ)−a . (A.6)








and some frequently appearing formula are defined as
P0(y, z) ≡ 1− y + z
2
, (A.8)




λ(1, y, z) =
√
1 + y2 + z2 − 2y − 2z − 2yz , (A.10)




P0(y, z) , (A.11)
| ~Q| = mb√
z
P3(y, z) , (A.12)
P 2 = (P 0)2 = m2bz . (A.13)
The collinear and infrared singularities appear as z approaches 0. After inte-
grating over the phase spaces and replacing n with 4+2ε, we obtain Ii expressed
with Gamma functions and hyper-geometric functions. The hyper-geometric
functions which are divergent when z and ε approach 0 should be analytically
resolved and expressed with the hyper-geometric functions which are finite when
z and ε go to 0.
Appendix A Calculation of Ii 109






(P 0)1+2ε(Q0 − | ~Q|) ×
2F1
[ − 1, 1 + ε; 2 + 2ε; 2| ~Q|
Q0 − | ~Q|
]
. (A.14)
The hyper-geometric function 2F1
[







and ε approach 0. Using the identities in Appendix B, we get
2F1
[
− 1, 1 + ε; 2 + 2ε; 2|
~Q|





{(Q0 + | ~Q|




0, 2 + ε; 2 + 2ε;
2| ~Q|

















Q0 − | ~Q| . (A.16)
After applying Eqs.(A.11) – (A.13), we obtain





m2+2εb P0(y, z) zε . (A.17)
Other Ii can be calculated likewise and the results are















(P0(y, z) + P3(y, z))2ε
}
, (A.19)







(P0(y, z) + P3(y, z))
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When these Ii are put into the iS, we obtain terms like zε−1 and z2ε−1 and
these terms are expanded in powers of ε using the formula in [104]
(1− x)−1−ε = 1







δ(1− x) +O(ε2) . (A.21)





singularities are obtained when the Ii are multiplied by 1z except
I−2. In the case of I−2 the singularities are obtained directly from I−2. After
applying Eq.(A.21) into Ii
z

















































+ 2γE ln(P0(y, z) + P3(y, z))























{P0(y, z)− 2P3(y, z)}+
δ(z)
{
γE(2P3(y, z)− P0(y, z)) + 2P3(y, z)







After combining the results in Eqs.(A.22) – (A.25) we obtain the singular
terms in the real gluon corrections. The singular terms with 1
ε2
are
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Pole[ ε−2 ] =
1
ε2
(xe − y)(1− xe + y)δ(z) , (A.26)
and the singular terms with 1
ε
are









5x2e − xe(5 + 4y) + y(3 + y)
}
+
(1− xe + y)(xe − y) ln(1− y) +
γE(xe − y)(1− xe + y)
)
. (A.27)
These singular terms are canceled out by the singular terms from the virtual
gluon corrections.
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Hyper Geometric Function
The hyper geometric function 2F1[ a , b ; c ; x ] is defined as









and the integral form is





dξ ξb−1(1− ξ)c−b−1(1− ξx)−a . (B.2)
Some identities of hyper geometric functions, which are frequently used, are pre-
sented below. For the calculation of Ii the identities below are helpful.
(c− a) 2F1[ a− 1 , b ; c ; x ] = (c− a− b) 2F1[ a , b ; c; x ]
+ b(1− x) 2F1[ a , b + 1 ; c ; x ] , (B.3)
2F1[ a ; b ; c ; x ] = (1− x)−a Γ(c)Γ(b− a)
Γ(b)Γ(c− a) ×
2F1[ a , c− b ; a− b + 1 ; 1
1− x ] +
(1− x)−b Γ(c)Γ(a− b)
Γ(a)Γ(c− b) ×
2F1[ b , c− a ; b− a + 1 ; 1
1− x ] , (B.4)
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c 2F1[ a , b ; c ; x ] = (c− b) 2F1[ a , b ; c + 1 ; x ]
+ b 2F1[ a , b + 1 ; c + 1 ; x ] , (B.5)
c 2F1[ a , b ; c ; x ] = a (1− x) 2F1[ a + 1 , b + 1 ; c + 1 ; x ]
+ (c− a) 2F1[ a , b + 1 ; c + 1 ; x ] . (B.6)
Some hyper geometric functions are expressed with other analytical functions
like
2F1[1, 1; 2; x] = − ln(1− x)
x
, (B.7)
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The 1 −→ 4 body decay formula in general n–dimension is expressed as












(2pi)nδ(n)(A− a− b− c− d)|M|2 . (C.1)
After an identity I = dnPδ(n)(P − a− b) inserted, the formula is expressed as














(2pi)n δ(n)(P − a− b) ×
1
2pi
A2dz |M|2 , (C.2)
where z ≡ P 2A2 . The formula in Eq.(C.2) can be written in a clearer form like


















δ(n)(P − a− b) |M|2 . (C.3)
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We define dR(n)m (P ; q1, q2, · · · , qm) as








δ(n)(Q− q1 − q2 − · · · − qm) . (C.4)
Using the definition of dR(n)m (P ; q1, q2, · · · , qm), We express Eq.(C.3) as





dR(n)3 (A; c, d, P ) ×
1
(2pi)n−1
A2 dz dR(n)2 (P ; a, b) . (C.5)
The 1 −→ 3 body decay formula has the general form like










(2pi)nδ(n)(A− a− b− c) |M|2 . (C.6)
This 1 −→ 3 body decay formula can be expressed with a Lorentz invariant
variable z ≡ P 2A2 by inserting identities I = dnP δ(n)(P −a−k) and I = dnk δ(n)(k)
and it reads












δ(n)(A− P − b− c) × dz δ(z) |M|2 , (C.7)
and using Eq.(C.4), we express Eq.(C.7) as





dR(n)3 (A; P, b, c) dz δ(z) |M|2 . (C.8)




The γ5 is defined as γ5 = iγ
0γ1γ2γ3 in 4–dimension and satisfies the anti–
commutation relation
{ γµ, γ5 } = 0 , (D.1)
and γ25 = 1.
In 4 dimensions, it is given that Tr[ γ5γ
µγνγαγβ ] = 4iεµναβ, where εµναβ is the
anti–symmetric tensor. However, Tr[γ5γ
µγνγαγβ] is not well defined in general n
dimensions, for we have more γ matrices and cannot define the anti–symmetric
tensor εµ ν α β. The ill-definition of γ5 in general n dimensions raises ambiguous
computational results.
The γ–Algebra in n dimensions is well described in [101]. We have n γµ, µ =
0, · · · , n− 1 matrices and γ5. The γ matrices verify the anti–commutation rela-
tions,
{ γµ, γν } = 2gµν , γ25 = 1 , (D.2)
and the metric tensor gµν = gµν has the property
gµν = 0 , if µ 6= ν ,
g00 = 1 , gii = −1 for i = 1, · · · , n− 1 , (D.3)
and gµνgµν = n. Some useful relations derived from these properties are
γµγµ = n ,
γαγ
µγα = (2− n)γµ ,
γαγµγνγα = 4g
µν + (n− 4)γµγν ,
γαγµγνγσγα = −2 γσγνγµ + (4− n)γµγνγσ . (D.4)
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Unlike in 4 dimensions, the anti–commutation relation of γ5 cannot be used
without any supposition in general n–dimension. For example, we consider
Tr[ γ5γ
αγµγνγργαγ
σ ]. If we allow { γµ, γ5 } = 0, we obtain two different results
in n dimensions.
After applying γαγµγνγργα = −2 γργνγµ + (4− n)γµγνγρ, we obtain
Tr[γ5γ
αγµγνγργαγ
σ] = (6− n)Tr[γ5γµγνγργσ] , (D.5)




σ] = (n− 2)Tr[γ5γµγνγργσ] . (D.6)
From Eq.(D.5) and Eq.(D.6), we obtain such a relation
(4− n) Tr[γ5γµγνγργσ] = 0 . (D.7)
and it requests Tr[γ5γ
µγνγργσ] = 0 in n-dimension, which is not acceptable.
Therefore more careful attention should be paid when one handles γ5 in n dimen-
sions.
A similar contradictory result is seen when we consider the trace
Tr[γ5γαγµ1γµ2γµ3γµ4γµ5 ] . (D.8)
After anti–commuting γα in Eq.(D.8) once around the trace, We obtain the iden-
tity as in [102, 103]
εµ1 µ2 µ3 µ4 gµ5 α + cycl.(µ1 · · · µ5) = 0 , (D.9)
where the totally antisymmetric ε-tensor is introduced via
Tr[γ5γαγβγργσ] = 4iεα β ρ σ . (D.10)
After contraction Eq.(D.9) with gαµ5 , we obtain[
εµ1 µ2 µ3 µ4 gµ5 α + cycl.(µ1 · · · µ5)
]
gαµ5 = (n− 4)εµ1 µ2 µ3 µ4 = 0 , (D.11)
which is the same result in Eq.(D.7). This shows that anti–commutation rela-
tion {γµ, γ5} = 0 does not allow the analytical continuation of εαβ ρ σ from 4
dimensions to a general n dimensions, where n 6= 4.
There are several prescriptions on γ5 to amend this problem. We use in
this work the Breitenlohner–Maison scheme (BM–scheme) [59], which is worked
consistently from the scheme suggested by ’t Hooft and Veltman [57]. The works
in [102, 103] are done in BM-scheme and provide explicit explanation. In BM–
scheme, we separate an n–dimensional γ matrix into its 4–dimensional part γ¨
and the remaining part γ˙ and thus, γ = γ¨ + γ˙ . The postulations
γ¨µ γ5 + γ5 γ¨µ = 0 , (D.12)
γ˙µ γ5 − γ5 γ˙µ = 0 , (D.13)
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drive a consistent γ5 rules. Consider the trace Tr[γ5γ¨αγµ1γµ2γµ3γµ4γµ5 ].
After letting γ¨α anti–commute once around the trace using γ¨µγν + γν γ¨µ = 2 g¨µν,
where g¨µν is the 4–dimensional metric tensor with g¨
µν g¨µν = 4,
εµ1µ2µ3µ4 g¨µ5α + cycl.(µ1, · · · , µ5) = 0 , (D.14)
which is called the Schouten identity. The contraction of Eq.(D.14) with g¨µ5α is
0 and thus, does not request the contradictory condition εαβγσ = 0 in n 6= 4–
dimension.








ν1ν2ν3ν4 = −det(g¨αβ) , α = µ1, · · · , µ4, β = ν1, · · · , ν4 , (D.16)
one can derive [102, 103]
εαβγσ g˙
ση = 0 , (D.17)
gβα g¨βσ = g¨ασ . (D.18)
Therefore, εαβγσ g
ση = εαβγσ g¨
ση and this shows that the ε–tensor projects out
the 4–dimensional parts from any n–dimensional tensor.
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The hadronic tensors hj i
µν
are defined with the redefined leptonic tensor
`µν ≡ pµe pνν as
Dj i = hj i
µν
`µν . (E.1)
















( pu · pg)
(
( pb · pu)pµgpνb + 2( pb · pu)pµupνb
−( pb · pu)pµupνg − ( pu · pg)pµb pνg












































(pu · pg)− 2(pb · pu)−m2b
)
gµν − pµgpνb − 3pµupνb
+5pµup
ν





2(pb · pu)2gµν + 3(pb · pu)pµgpνb
+ 6(pb · pu)pµupνb − 3(pb · pu)pµupνg
− 3(pb · pu)pµb pνg − 6(pb · pu)pµb pνu









2(pb · pu)gµν + 5pµgpνb + 3pµupνb − pνbpνg
























(pu · pg)2gµν + 5(pu · pg)pµupνg − 5(pu · pg)pµgpνu
− 2(pb · pu)pµupνg + 2(pb · pu)pµgpνu
+
(

























b − pµupνg − 2(pu · pg)gµν
+ pµgp
ν







(pu · pg) g
µν . (E.13)
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+-description [f (x)]+
The +-description of a function f(x), which is singular at x = 1, is expressed by
[f(x)]+ and the definition of [f(x)]+ is
∫ 1
0
dx g(x) [f(x)]+ =
∫ 1
0




dx [f(x)]+ = 0 . (F.2)

















[ g(x)− g(1) ]













1− x [ g(x)− g(1) ] . (F.5)
We write the analytic form of the +-description as
















































dx [g(x) − g(0)] ln(x)
x
. (F.9)
Sometimes, we encounter the integration range which is not from 0 to 1 but from




dx [f(x)]A g(x) =
∫ 1
A
dx f(x) {g(x)− g(1)} , (F.10)
and ∫ 1
A
dx [f(x)]A = 0 . (F.11)
Now we need to find out the relation between [f(x)]+ and [f(x)]A. Setting
[f(x)]+ = [f(x)]A + C δ(1− x) , (F.12)
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and keeping the principle integration formula Eq.(F.1), we can find out the rele-





dy f(y) . (F.13)








Applying Eq.(F.12) and Eq.(F.13) or calculating the coefficient C directly keeping
the principle integration Eq.(F.1), we obtain the following formula which is the

















ln2(1− A) δ(1− x) . (F.16)
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